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Abstract

In this Thesis, we will construct a continuous time model for a two wage-earners who are
trying to find an optimal strategies concerning consumption, investment, life-insurance
purchase and best welfare selection. Assuming correlated lifetimes for the two wage-
earners, we consider a stochastic optimal control problem for each wage-earner before
and after the first death. We assume that both wage-earners contribute in a social welfare
system, have access to a financial and life-insurance markets. We use Copula model as
stochastic mortality model for dependent lives, to handle the stochastic optimal control
problems under consideration. For each stochastic optimal control problem, we use
dynamic programming principle to derive a nonlinear second order partial differential
equation, known as Hamilton-Jacobi-Bellman (HJB) equation, whose solution is the
objective functional for the problem under consideration. Assuming special class of
discounted constant relative risk aversion (CRRA) utilities we find an explicit solutions

for possible cases with more details.
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Chapter 1

Introduction

We consider the problem of a two wage-earners having to make selections about
strategies: consumption, investment, life-insurance purchase and social security system

over the interval of time [0, min{T, 7;}] where

e T is a fixed time in the future and representing the common retirement time of

the two wage-earners.

e 7; is a random variable and representing the death time of the wage-earner i where
i1=1,2.

Each of the wage earners have income at a continuous rate [;(-),7 = 1,2 and when the
wage-earner retires or dies this income ends, whichever happens first. Furthermore, we
assume that each wage-earner participates in social security with the aim of protecting
his family in the future, maximize the value of his legacy in the case of premature death,

or the value of his wealth at retirement date T if he lives that long.

Several optimization problem containing personal consumption and life-insurance pur-
chase Yaari [46] in 1956, who showed that a wage-earner with an uncertain lifetime and
a fixed stock of resources should purchase an annuity contract to insure against the
risk. Marshall [28] presented some derivations of a multivariate exponential distribu-
tion. One of these derivations assumes the residual life is independent of age, and other
derivations are based on classical models of dependent lives which called common-shock

models. These models assume that the dependence of lives arises from an exogenous
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event that is common to each life. For example, in lifetime analysis this shock may
be an accident or the onslaught of a contagious disease. Yaari work was extended by
Hakansson [15] to model of firm under risk. Merton in [29, 30] focused on the optimal
consumption, investment but without life-insurance. Richard in [41] generalized the
work of Merton [29, 30] to include the life-insurance in a continuous-time model for an

uncertain lived wage-earner.

Frees et al [11] studied the use of dependent mortality models to value type of annuity,
discussed a broad class of parametric bivariate survival models using a bivariate sur-
vivorship function called a Copula. Moore and Young [32] studied possible strategies
to insurance wage-earner in a continuous-time model. Ye [47] examined the intertem-
poral model of optimal consumption, life-insurance purchase and portfolio rules for an

individual whose lifetime is uncertain in a quite complex continuous-time economy.

The work done by Luciano et al [27] used Copula and common-shock model to studied
the stochastic mortality of couples. In the same year, Kraft and Steffensen [22] stud-
ied problems about consumption and insurance model in a continuous-time multi-state
Markovian framework. A Markov model assumes that the probability depends only on
the current time and the state occupied, that is, it is independent of the past given
the present value (that is, it assumes the Markov property). Kwak et al [24] inves-
tigate an optimal portfolio, consumption and retirement decision problem in which a
wage-earner can determine the discretionary stopping time as a retirement time with
constant labor wage and disutility. Additionally, Bruhna and Steffensen [3] developed a
continuous-time Markov model for maximization problem using power utility function of
a two-person household. Ji et al [21] in (2011) studied joint life mortality risk evaluation

and management in the Markovian framework.

Recently in (2011), Kwak et al [25] investigate an optimal investment, consumption and
life-insurance decision problem of the family with a one breadwinner (a parent) and one
dependent (a child) using hyperbolic absolute risk aversion (HARA) utility functions.
Using HARA specification effectively impose the axiomatic condition that instantaneous
consumption rate must be above a lower bound while the breadwinner is alive and after
his or her death. Pirvu and Zhang [40] studied optimal investment, consumption and life-
insurance acquisition strategies for an individual who uses an expected utility criterion
with discounted Constant Relative Risk Aversion (CRRA) type preferences. CRRA is an

U// (C)

T7() is constant.

increasing and strictly concave utility function U with the property —c

Later on, Bayraktar and Young [2] studied the optimal amount of life insurance for
a household of two wage-earners. Kwak et al [23] studied the portfolio decisions of a

wage-earner under inflation risks. Park and Jang [38] studied an optimal consumption
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and portfolio selection problem of an individual who wants to voluntarily retire someday
in the future. Mousa et al [34] studied the problem faced by a wage-earner whose aim
is to maximize consumption and investment within a diminishing basket of K goods in
a financial market model involved of one risk-free security and an arbitrary number of

risky securities.

Mousa et al [35] studied the optimal life-insurance within a market contains many life-
insurance companies using dynamic programming techniques to find an explicit solution
in the case of discounted CRRA utility functions in a continuous-time model for one
wage-earner. Han et al [16] studied the portfolio decisions of a wage-earner under in-
flation risks. In (2022) Mousa et al [33] introduced an optimization problem of finding
the optimal life-insurance strategies for a wage-earner with an uncertain lifetime in a
financial market involived one risk- free security and one risky security whose prices
evolve according to linear diffusions process. After that Hoshiea et al [18] introduced a
modified version of Merton’s continuous lifetime model [29, 30] where the welfare policy
is being a new control variable in the problem, and find an explicit solution using CRRA

utilities, in the case where the social welfare system consist of only one welfare provider.

Wei et al [45] in (2020) studied another optimization problem to determine the optimal
consumption, investment and life-insurance purchase strategy for a two wage-earners
with related lifetimes. Based on the work of Wei, in this Thesis, we will try to find
the optimal strategies concerning consumption, investment, and life-insurance purchase
for the two wage-earners within optimal welfare market. Having access to the welfare
market imposes an additional control involved in the dynamics of the problem under

consideration. In this work we will analyse paper [45] with more details.



Chapter 2

Preliminaries

2.1 Basics in probability and stochastic processes

In this section we will introduce some definitions and results in probability and stochastic

processes, that will be used later.

Definition 2.1. [14] Probability theory
Probability theory describes mathematical models of random phenomena, primarily from

a theoretical point of view.

Definition 2.2. [1// Random experiment
A random experiment is an experiment that can be repeated and the future outcomes

cannot be exactly predicted even if the experimental situation can be fully controlled.

Definition 2.3. /9] Sample space
The sample space ) is any a set that lists all possible outcomes of some unknown random

experiment or situation, and any x € € is called sample point.

Definition 2.4. [9] FEwvent
The event is defined as any subset of the sample space €.

Definition 2.5. [7] o-algebra
If Q is a given set, then a o-algebra F on  is a family F of subsets of € with the

following properties

1. € F.



2. Fe F = F°cF , where F¢=Q\F isthe complement of F in (.
3. A1, Ay, € F — U;’ilAZG‘F

Definition 2.6. [7/ Measurable space

A measurable space is a pair (0, F) for which F is a o-algebra on the space €.

Definition 2.7. [7] F-measurable sets
The subsets A of §2 which belong to F are called F-measurable sets.

Definition 2.8. [7/ Probability measure
A probability measure P on measurable space (2, F) is a function P : F — [0,1] such
that

1. P(0) =0 and P(Q2) = 1.

2. If A1, Ag... € F and {A;}5°, are disjoint (i.e. A;NA; =0 if i j) then

¢ (00)-Sron
=1 =1

Definition 2.9. [7/ Probability space
The triple (2, F,P) is called a probability space for which F is a o-algebra on the space

Q and a probability measure P.

Example 2.1. [7] Let Q = {a1,aq,...,a,} be a finite set, and suppose we are given
numbers 0 < p; <1 fori=1,...,n, satisfying

n
Zpi =1
1

Assume F contains all subsets of Q. For each set

A ={a;,,aiy,...,a;,} €F,
where 1 < i1 <19 < ...y, < n, we define

P(A) =iy +Piy + -+ F Dip-

Definition 2.10. /7] Complete probability space
A probability space is complete if F contains all subsets G of Q with P-outer measure
zero, t.e. with

P*(G) := inf{P(A); A e F,G C A} =0.



Definition 2.11. [7] o-algebra generated by U
Given any family U of subsets of ), there is a smallest o-algebra Hy containing U,

namely
My = [ [{H;H o — algebra of Q, U C H},

we call Hy the o-algebra generated by U.

Definition 2.12. [7/ Borel sets
If U is the collection of all open subsets of a space €, then B = Hy is called the Borel

o-algebra on ) and the elements B € B are called Borel sets.

Definition 2.13. [7/ F-measurable
If (Q,F,P) is a given probability space, then a function Y : Q — R™ is called F-
measurable if

Y U)={weQ; Y(w)eU}eF,

for all open sets U € R™ (or, equivalently, for all Borel sets U C R™).

Definition 2.14. /9] Random variable

A random variable is a function from the sample space €2 to R .

Definition 2.15. [7/ n-dimensional random variable
Let probability space (0, F,P). A random variable is a function X : Q@ — R™ which is
measurable in the sense that the inverse of a measurable Borel set B in R™ is in F. That
18

X HB)={weQ; X(w) € B} eF.

Definition 2.16. [9] Indicator function
If G € F is any event, then we can define the indicator function of G, written 1g, to be

the random variable

which is equal to 1 on G, and 0 on G°.

Definition 2.17. [8] Almost surely
We say the property hold almost surely if its hold except for some event with probability

zero (usually written as “a.s.”).

Definition 2.18. /37 Almost everywhere
A property that holds for all x € A\ M, where M is a set of measure zero, is said to

hold almost everywhere.



Definition 2.19. /9] Conditional probability
The conditional probability of event A given event B where P(B) > 0 is defined as

P(AN B)

PAIB) = —5

Definition 2.20. [9] Independent

A and B are called independent events if
P(AN B) =P(A)P(B).

Definition 2.21. [7] Expectation
If
/ X(w)dP(w) < oo,
Q

then the number

is called the expectation of X on €.

Definition 2.22. [7] Expectation of independent random variables

Let random variables

X,Y:Q—R,
where
E[X] < o0,
and
E[Y] < oo,

then X,Y are called independent if
E[XY] = E[X]|E[Y].

Definition 2.23. [7] Stochastic process

A stochastic process is a collection of random variables

{Xt}t€T7

defined on a probability space (2, F,P) and assuming values in R™. We denote by X(-)

for the stochastic process to express the randommness in X.

Definition 2.24. [7] Parameter space T

The parameter space T is usually the half line [0, 00) but it may also be an interval |a,b],

7



the non-negative integers or subsets of R™ forn > 1.

Definition 2.25. [7] Sample path

For each t € T fixed we have a random variable

w— X(w) ; weQ,
fixing w € Q we can define the function

t— X (w); teT,

which is called a sample path of X;.

Definition 2.26. [37/ Measurable stochastic process
Let a stochastic process {X¢}er on a probability space (2, F,P), this process is measur-
able if the mapping

(t,w) = Xi(w)

is measurable with respect to the o-algebra B(T) x F, where B(T') is the family of all
Borel subsets of T'.

Definition 2.27. [14] Filtration
Given a probability space (0, F,P). A filtration is a sequence {Fy : t > 0} of increasing

sub-o-algebras of F which means that
FoCHC--CHRCFy1C---CF.

If t is interpreted as (discrete) time, then F; contains the information up to time t.

Definition 2.28. [7] F;-adapted

Given {Fi}i>0 be an increasing family of o-algebras of subsets of 2. A process
g(t,w) : [0,00) x Q& — R"
is called Fi-adapted if for each t > 0 the function
w— g(t,w)

is Fy-measurable.

Definition 2.29. [14] Natural filtration

A sequence {X,,n >0} of random wvariables is {F,}-adapted if X, is Fn-measurable
for all n. If F, = o{Xo, X1, Xo,...,X,} then we called the sequence adapted, and
{Fn,n >0} is the natural filtration.



Definition 2.30. [}/ Progressively measurable
A stochastic process (Xi);cr+ defined on a filtered probability space (0, F,{Fi}ier+,P)

is progressively measurable relative to filtration {F;}icr+ if the function
(s,w) € [0,t] x Q@ — X (s,w),

is (B ([0,t]) ® Fy )-measurable for all t € R .

Definition 2.31. [//Predictable real-valued process

A real-valued process is named predictable relative to filtration {F;}ier+ , if the function
RT xQ =R,

1s measurable relative to the o-algebra generated by the same filtration.

Remark 2.1. [8] Given a probability space (2, F,P) and suppose X : Q@ — R" is a
random variable. And let x = (x1,...,25) € R™, y = (Y1,...,yn) € R™. Then x <y iff
Z; Syi, Vi:1,...,n.

Definition 2.32. /8] Distribution function

Given a random variable X, then the distribution function of X is the function
Fx : R" — [0,1],

defined as
Fx(z) =PX<z) ,VzreR"

Definition 2.33. [36] Cumulative distribution function

The cumulative distribution function (cdf) of any random variable X is the function
Fx:R —[0,1],

defined as
Fx(z) =PX<z) ,VzxelR

Definition 2.34. [14] Joint distribution function

The joint distribution function of random variable X is
FX1,X2,...Xn(x11 x?v e -rn) = ]P)(Xl S .fCl,XQ S $27 .. XTL S mn)a

forxp e R E=1,2,...,n.



Definition 2.35. [8/Density function
Given a random variable X : Q — R™ and Fx its distribution function. If there exists a

non-negative, integrable function f: R™ — R such that

1 T
Fx(z) = FX, Xo,.. Xa (T1, - - Tn) =/ / fyi, - yn) dyn . dyr,
—0oQ —0oQ

then f is called the density function for X.

Definition 2.36. /8] Continuous of real valued random variable
A real valued random variable X is called continuous if its distribution function can be

expressed as the integral Fx(x) = ffoo f(y)dy, where f is the density of X.

Definition 2.37. [14] Marginal distribution function
The marginal distribution function of continuous random variable X at the point x is

obtained by adding the values of the marginal probabilities to the left of x
Fx(z)=P(X <z,Y <) = /_90 /_00 fxy(u,v)du dv,
the marginal density function is given by
fx@) = [ Fextedy

Definition 2.38. [8/ Conditional expectation
Given a probability space (Q, F,P) and suppose U is a o-algebra, U C F. If X: Q — R"

18 an integrable random variable, then the conditional expectation is
EX | U],

to be any random variable on ) such that

1. E[X | U] is U-measurable.

2. [\XdP = [,E[X |U]dP, VA € U.

We can interpreted E[X | U] as a U-measurable random variable that is the best approx-

imation for X.

Definition 2.39. [1/] Finite-dimensional product measures

Let (Q, F, Pr) , 1 < k < n, be probability spaces. We introduce that

flX.Fz,...,anZU{FlXFQ,...,XFn:FkEfk,k:LQ,...,n}.

10



Based on above model, we can construct a product space(xj_S, X}_1Fr), with an

associated probability measure P, given as
n
P(Ar x Ag x -+ x Ay) = [ ] PelAp),
k=1
fOTAk € Fr, 1 <k<n.

Theorem 2.40. [6/ Fubini -Tonelli Theorem

Suppose A1 and As are o-finite measure spaces. not necessarily complete, and if either

/ < f(m,y)dy> dr < oo,
A1 Ao

or
/ < f(l‘,y)dy> dr < oo,
Ao Aq
then
| 1wl <.
A1><A2
and

/A1 < 4o f(w’y)dy> dv= /AQ < N f(%y)dw) dy = /AleQ fla,y)d(z,y).

Theorem 2.41. [17] Test for Maxima and Minima

Assume f(x,y) be a function where

fz (w0, 90) = fy (z0,%0) =0,

at a point (xo,yo), and suppose that all second partial derivatives are continuous there.

We denote by D the discriminant

D (20,90) = fuz (20, Y0) fyy (20, %0) — (fay (0, 90))?

at the critical point (xo,yo), and conclude the following

If D > 0 and fyzz (zo,y0) > 0 at (zo,y0), then a relative minimum occurs at

(x0,y0). In this case, fyy (xo,y0) > 0 also.

If D > 0 and fuz (z0,y0) < 0 at (zo,%0), then a relative mazimum occurs at

(x0,y0). In this case, fyy (xo,y0) < 0 also.

If D <0 at (x0,y0), there is neither a mazimum nor a minimum at (o, Yo).

If D =0 at (x0,y0), the test fails.
11



Definition 2.42. [43] Vector field
A wvector field is a function that assigns a vector to each point in its domain. In three-

dimensional domain a vector field might have a formula like

— — -

Note that

o The vector field F is continuous if the component functions M, N, and P are

continuous.

o The vector field F is differentiable if each of the component functions is differen-

tiable.

In two-dimensional domain a vector field might have a formula like

-

F(z,y) = M(2,y)i + N(z,y)J.

Definition 2.43. [37/ Brownian motion
A one-dimensional standard Brownian motion (or Wiener process) is a continuous
stochastic process {Wi}i>0 on a probability space (Q, F,P) with the following proper-

ties

1. The standard Brownian motion process begins at to =0 or P(Wp =0) = 1.

2. For0=ty <ty <--- <t , the increments displacements
W(ty), W(ta) — W(t1),...,W(tg) — W(tk—1),

are independent random variables.

3. For 0 < s <t, the increments Wy — Ws ~ N(0,t — s) , that is

)2

1 _
P(W; —W,) € B) = ———— / 7 d,
2r(t —s) JB

where B is a Borel subset of R.

Remark 2.2. 1. Property (1) in Definition 2.43 means to determine the position of
a Brownian particle in one dimension, we start at t = 0, with the initial position

specified as Wy = 0.

12



2. Property (2) in Definition 2.43 means the in increment
W(t1), W(te) = W(t1),...,W(tg—1) — W(tk—2),

occurring during the time intervals [to,t1],. .., [tk—2,tk—1], respectively, do not af-
fect the increment W (t) — W (tg—1) that obtains during the time interval [tg_1,tx).
That is, the standard Brownian motion is assumed to be without memory. For in-
stance, the path of a pollen particle traverses in order to get to its current position

does not influence its future location.
3. Property (3) in Definition 2.43 indicates that

o W, —Ws for 0 < s <t , has a zero mean (if we think of Wy as the height
above a horizontal time-axis of pollen particles at time t, then a zero mean
indicates that, at time t + 1, the particle’s height is just as likely to increase

as it is to decrease, with no upward or downward drift).

o The variance t — s of an standard Brownian motion process increases with
the length of the time interval [s,t] (the pollen particle moves away from its
position at time s, and there is no tendency for the particle to return to that
position, that is, the process lacks any propensity for position reversion).

e The continuous path of Brownian motion t — W(t,w), t > 0 is nowhere
differentiable.

Definition 2.44. [8] n-dimensional Wiener process
An R™ the stochastic process W(-) = (W(-),...,W"(:)) is an n-dimensional Wiener

process provided

1. For eachk=1,...,n, Wk() 1s a 1-dimensional Wiener process,

2. the o-algebras WF =U (Wk(t) |t > O) are independent, k=1,...,n.
Definition 2.45. /8] White noise
The white noise £ is the time derivative of the Brownian motion. Mathematically,

AW (1)

£ = W) = =

Definition 2.46. [10] Poisson process
A stochastic process {X(t);t > 0} taking values on S = No = {0,1,2,...}, with the
right continuous and piecewise constant trajectories is said to be a Poisson process with

parameter A > 0 if

1. X(0) =o.
13



2. ForO0=ty <ty <.--<t,, the increments
X(to), X(t1) — X(to), X(t2) = X(t1), ..., X(tn) — X(tn-1),

are mutually independent random variables.

3. For all s,t,h > 0 and s >t the increments
X(s) = X (1),

and
X(s+h)—X(t+h),

have the identical probability distributions (which is called stationary increments).

4. Forallt>0,h>0

P(X(t+h)—X(t)=k) = kﬂh, k € No.

Definition 2.47. [10] Counting process
Given a stochastic process {N(t) : t > 0} the formula

N(t) =sup{n € Ny : 7, <t},

is called a counting process corresponding to a random sequence {7, : n € Ng}.

Definition 2.48. [10] Nonhomogeneous Poisson Process (NPP)

Let a stochastic process {N(t) : t > 0} taking values S = No = {0,1,2,...}, value
of which represents the number of events in a time interval [0,t]. A counting process
{N(t) : t > 0} is called a Nonhomogeneous Poisson Process (NPP) with an intensity
function A\(t) > 0,t >0, if

2. {N(t) : t > 0} is process with independent increments, the right continuous and

piecewise constant trajectories.

( t+h>\(1‘)da}>k t+h
3. PIN(t+h)—N(t)=k) = tﬁe— S M@)de

Remark 2.3. e Poisson process represents to count the number of times events in
a time interval [0,t]. For instance, number of arrivals customers to a store or

number of arrivals phone calls to a call center.

14



o From the above definition it follows that the one dimensional distribution of NPP

is given by the rule

(fg A(x)dx)k

o e~ JoA@de 19

P(N(t) = k) =
o The expectation and the variance of NPP are the functions given by

t
A) = EIN () = [ Moz,
0
t
V(t) = V[N(t)] :/ Az)dz,t > 0.
0
Definition 2.49. [/4] Continuous-time Markov chain

A continuous-time Markov chain on a finite set S is a family of random variables
{X(t)}+>0 defined on a probability space (2, F,PP) such that

P(X (tasr) = | X (b)) = i, X (n1) = i1, -, X (to) = io)
=P (X (tp+1) =J | X (tn) = 1)

:Pi,j(tn+1_tn)7 fOT j,i,in_l,...,ioes and tpe1 >t > ... >t > 0.

In other words, the future of the process is conditionally independent of the past given

the present value.

2.2 Differential equations

In next three sections we will review some types of differential equations (ODE, PDE

and SDE) with some examples and more details.

Definition 2.50. /1] Differential equation
A differential equation is an equation, where the unknown is a function and both the

function and its derivatives may appear in the equation.

2.2.1 Ordinary differential equations

In this section we will introduce definition of ordinary differential equations and method

to solve ordinary differential equations with example.

Definition 2.51. [4/2] Ordinary differential equations

An ordinary differential equations (ODE) is an equation in which the unknown quantity

15



s a function, and the equation involves derivatives of the unknown function with respect

to only one variable.

For the fixed point g € R™ the ordinary differential equation may have the form

{ x(t) =b(x(t)), t>0
x(0) = xp,

where x(t) is the state of the system at time ¢t > 0

(1) = x(t),

and
b:R" — R",

is a given, smooth vector field and the solution is the trajectory

x(+) : [0,00) — R™.

X(t)

FIGURE 2.1: POSSIBLE TRAJECTORY OF ORDINARY DIFFERENTIAL EQUATIONS.

Definition 2.52. [1] 1** order linear ODE

The general first order linear ordinary differential equation defined as
z +p(t)r = q(b),

where p(t), q(t) are continuous functions on an interval I C R.

Theorem 2.53. [1] Solution of 15 order linear ODE
The general solution x(t) satisfying the initial value x (ty) = xo for any numbers to € 1

and zog € R. Precisely,

t S
z(t)=e Jig p(s)ds [xo + [ el p(s)dsq(s)ds] , tel.

to

16



Example 2.2. Find the general solution of
2 (t) + 4ta(t) = 8t.

and the solution such that z(0) = 1.

We can use the general formula from Theorem 2.53 to find

t
x(t) = et Jo sds [1 +/ e*Jo Sds8.sals]
0

t
— 2 [1 +/ 8.se2s2ds]
0

— 2 [1 + (22 2)}

2.2.2 Partial differential equations

In this section we will introduce definition of partial differential equations with examples.

Definition 2.54. [20] Partial differential equations

A partial differential equations (PDE) is an equation for a function which depends on
more than one independent variable which involves the function, the independent vari-
ables and partial derivatives of the function. The order of an PDE is the highest deriva-

tive that appears.

e The first order PDE in two independent variables of u(z,y) may have the form
F (‘Ta y7 U(.’E, y)v u$(ﬂi‘, y)? uy(xa y)) = 0
e The second order PDE in two independent variables of u(z,y) may have the form

F(z,y,u(z,y), up(z,y), uy(z,y), Uss (2, y), Uy (T, y), uyy(z,y)) = 0.

where u, and u, denote first-order partial derivatives with respect to x and y, respec-
tively, Uz, and uy, denote a second-order derivatives with respect to x and y, respectively,

finally u., represent to partial derivative of u, with respect to y.

Example 2.3. [20] Some examples of PDEs

1. The transport PDE
Uy + uy = 0.

17



2. The shock wave PDE

Uy + vty = 0.

3. The laplace’s PDE

Uz + Uyy = 0.

2.2.3 Stochastic differential equations

In many applications the experimentally measured trajectories of systems modeled by
ODE do not in fact behave as predicted. Hence, it seems reasonable to modify ODE,
somehow to include the possibility of random effects disturbingthe system. A formal

way to do is by considering stochastic form of such DE’s.

Definition 2.55. /8] Stochastic differential equations
The Stochastic differential equations (SDE) defined

X(t) = b(X() + BEXO)E(L), >0

where B is (the space of n x m matrices)
B:R" =M™

and

&(+) := m-dimensional (white noise).

m

Xp

FIGURE 2.2: POSSIBLE SAMPLE PATH OF THE STOCHASTIC DIFFERENTIAL EQUA-
TIONS.

Theorem 2.56. [8] Ito’s Formula
Let X (-) solves the stochastic differential

dX = Fdt + GdW.

18



Suppose u : R x [0,T] — R is continuous, where us, u; and Uy, erists and continuous.

Let Y solves the stochastic differential equation
Y(t) = u(X(t),1).
Then the Ito’s formula or Ito’s chain rule given by

1
dY = wdt+ udX + 5uma%u

1
= <ut +u, F + ZumG2> dt + ug GdW.

That is, for all 0 < s <r < T, we have

Y(r)=Y(s) = u(X(r),r)—u(X(s),s)
_ / ut(X,t)+um(X,t)F+%um(X,t)G2dt+ / wp (X, )GV,

S

Example 2.4. Let X(-) = W(-) with

Let

Thus, Ito’s formula gives

1
dY = (ut +u,F + 2umG2> dt + uy GdW

2 2
= (;e“ft +0+ zemft) dt + AT g

A g
=\YdW.

Thus, the SDE is

dY =AY dW,
Y(0)=1,
has solution
24
Y(t) = e E
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2.3 Gompertz distribution

In this section we introduce the Gompertz distribution which is used to describe the

distribution of human mortality.

Definition 2.57. [26] Gompertz distribution

The Gompertz distribution has a continuous probability density function with location

parameter a > 0 and shape parameter b > 0

f(z) = aebxf%(eblfl), (2.1)
and x € (—00,00).
And the distribution function is

Flz)=1-¢ (1), (2.2)

In actuarial or demographic applications, x usually denotes age which cannot be negative,

leading to bounded support on [0,00).

0.1
Parameter values

a =0.0001, b =0.1
a=0.001, b=0.1
a=0.001, b=0.15
a=0.1, b =0.1

Density

0.075

0.05

0.025

100 125
Age

FIGURE 2.3: GOMPERTZ DENSITY FUNCTION FOR DIFFERENT COMBINATION OF @
AND b PARAMETERS.
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Parameter values
1.25 a=0.0001,b=0.1
a=0.001, b=0.1
a=0.001, b=0.15
a=0.1, b=0.1

Distribution

0.75

0.5

0.25

Age

FIGURE 2.4: GOMPERTZ DISTRIBUTION FUNCTION FOR DIFFERENT COMBINATION OF
a AND b PARAMETERS.

And the Gompertz force of mortality (or hazard function) \(x) at age x > 0 is
ANz) = ae®, (2.3)

where a denotes the level of the force of mortality at age 0 and b the rate of aging.

Remark 2.4. [31] The Gompertz probability density function can be reformulated into
a distribution with location and scale parameters. By substituted Gompertz parameters

as

1
b=—  wheren >0, (2.4)
n

and

1 _m
a=—e n where m €R, (2.5)
n

when substituted a and b from equations (2.4) and (2.5) in equation (2.1) then the

Gompertz density function can be expressed as

(2.6)
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Similarly for the distribution function from equation (2.2) we get

m (z—m)
Flz)y=1—¢€ "7¢ " . (2.7)
And the hazard function (2.3) given as
1 @m
AMz) = St (2.8)

2.4 Copula functions

In this section we will introduce a Copula functions and some special types. Origin of

the word Copula is the latin word Copulare, which means (to join together).

Definition 2.58. [36] Uniform distribution

A uniform distribution of X on [a,b] is distribution with probability density function as

fl@)=3y— a<z<h

and its cumulative distribution function is

F(a:):/xf(t)dt: o a<xz<hb.

Definition 2.59. [13] n-dimensional Copula
The n-dimensional Copula is a function C : [0,1]" — [0,1] is a distribution function

with uniform marginals. A Copula can be defined as a probability function
C(u1,...,up)=PU <up,...,Up < uy),

where Uy, ..., U, are uniform distributions on the interval [0, 1].

Proposition 2.1. [13] Some properties for a Copula function

1. C(uq,...,uy,) is increasing in each component u;.
2. C(1,....,um,1,...,1) = uy, for everym € {1,...,n},uy, € [0,1].
3. C(u1,...,up) =0 if up, =0 for every m < n.

Theorem 2.60. [13/ Sklar’s Theorem

Assume F' be a n-dimensional joint distribution function with marginals Fy,..., Fy.
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Then there exists a Copula C : [0,1]™ — [0, 1] such that
F(xi,...,xn) =C(F1(z1),...,Fn(xn)), Y21, . .., 0.

Remark 2.5. [/8] In 2 dimensional space, let X and Y be a pair of random variable with
cumulative distribution function as Fx(x) and Fy(y). Also let their joint cumulative

distribution function is Fx y (x,y) (this function is known as a two-dimensional Copula).

FEach pair (z,y) leads to a point in the unit square [0,1] x [0,1]. And this ordered pair in

turn corresponds to a number Fx y(x,y) in interval [0, 1] as in figure (2.5).

Copula

EAY) /

0,1)

Sorey)

(x.y) 0 p

(0,0) (1,0) Fx(x‘,l
FIGURE 2.5: TWO-DIMENSIONAL COPULA.

Definition 2.61. [/8] Copula density function

The Copula density function c is derived as

92C (s, 1)

6(87 t) = 888t Y

where s = F1(s) and t = F»(t) are marginal functions.

Definition 2.62. [39] Joint Copula density function
If the bivariate joint distribution function F(s,t) is defined by a Copula function

F(s,t) = C(F1(s), Fa(t)),

where s,t > 0 and Fi(s), F»(t) are marginal functions.

Then the joint density function of Copula is

f(s,t) = fi(s) fa(t)c(F1(s), F(t)),

where ¢ is Copula density function.
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Example 2.5. Independence Copula
Let the random variables X1 and Xo are independent.

The corresponding Copula is
C(u1,uz) = P(Uy < uy,Uz < ug) = P(Ur < up)P(Uz < ug) = ugus.

The second equality is due to independence of Uy and Uy, and the last equality is because

Uy and Us follow uniform distributions.

Example 2.6. Comonotonicity Copula
Let X9 = 2X7; that is, X1 and X5 have a deterministic and positive relationship.
We can derive the relation between the CDEs

Fi(z) =P (X; <z)=P(2X; <2z2) =P (X3 <2z) = F(22),
which leads to the fact that Uy is equal to Us
Uy =F (X1) = F»(2Xy) = F» (X3) = Us.

The Copula is

(Uy < min{uy,us})
= min {u,us} .
The comonotonicity Copula has perfect positive dependence. Note that Xo = 2X1 can

be replaced by Xo = T (X1) for any strictly increasing transformation T .

Example 2.7. Counter monotonicity Copula
Similar to the previous example, let Xo = —2X1 and consider the perfect negative de-

pendence
Fl((L‘) = P(Xl S l’) = ]P)(—QXl Z —2]}) = ]P(XQ Z —2{E) =1- FQ(—Q.%').

And
Ui=F (X)) =1-F(-2X;)=1—F,(X2) =1 Us.

The Copula is

C (u1,uz) <y, Uz < ug)

Ux
Ux

1—up < Uy <uy)

IA

ur, 1 — Uy < ug)

B (
B
B

ax{u; +ug —1,0}.

24



2.5 Archimedean Copula

There are many families of Copula function, in this section we will discuss the Archimedean

Copula family with examples.

Definition 2.63. [39] Archimedean Copula
The Copula in the form

C(u,v) = ¢ (p(u) + ¢(v)),

is called Archimedean Copula, with generating function ¢(x) : [0,1] — [0,00), where ¢

is a real valued function satisfying the following conditions

1. (1) =0.

2. lim, 0 ¢(z) = oo.

3. 92 <0 for all z € (0,1).
4. g%f >0 for all z € (0,1).

Example 2.8. Let ¢(t) =1—t,t € [0,1]. Then the inverse is

In this Thesis, we will focus on the following three types of Archimedean Copulas.

Definition 2.64. [12] Frank Archimedean Copula

Frank Archimedean Copula is

C(s,t) = 1 (1 L e _61) (e~ 1)> . a0,

« |

where the generator function is p(t) = In (eatl).

e*—1
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And, from the Frank Archimedean Copula Definition 2.64 we have

oC(s,t) (e — 1)et
ot (e* —1)+ (v —1) (et — 1) (2.9)

Proposition 2.2. [12] Density function of Frank Copula
Based on Definition 2.61 the density function of Frank Copula can be derived as

82C (s, 1)

ols:t) = —5.5

_ 2 (eas 1)eat
E ((eo‘ — 1)+ (ex — 1) (evt — 1))
a(eoc _ 1)eo¢(t+s)

(e =D e =D (e 1))

Definition 2.65. [5/ Clayton Archimedean Copula
Clayton Archimedean Copula is

—1

C(s,t) = (s 4+t =1) ,a>0,

t—*—1
a -

where the generator function is p(t) =

And, from the Clayton Archimedean Copula Definition 2.65 we have

OC(s, t) —(1+a) (—« —« —1te
=t tT -1 @
ot (s + )

(2.10)

Proposition 2.3. [5]/ Density function of Clayton Copula
The Copula density function of Clayton Copula can be derived as

c(s,t) = (L4+a)(st) 7 (s +t7* — 1)%1_2.

Definition 2.66. [19] Stable Archimedean Copula
Stable (or Gumbel-Hougaard) Archimedean Copula is

Cls,t) = e~ (o)™ H=lmOa 5

, where the generator function is p(t) = (—Int)®.

And, from the Gumbel-Hougaard Archimedean Copula Definition 2.66 we have

_ a—1 1 l—a
BC(;i,t) - lntt) e (TR (CIng) 4 (- e (211)
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Proposition 2.4. [19] Density function of Stable Copula
The Copula density function of Stable Copula can be derived as
1
C(S,t) —((=Ins)*+(—1Int)¥) = ((_ln S)oz + (_ In t)a)fQJr%

X (1 F(a—1)((—ns)® + (— 1nt)a)é) (st)~! (Ins. Int)* ",

2.6 Archimedean Copula on Gompertz distribution

In this section, we will give an example, by applying a Copulas functions on Gompertz
distribution defined in equations (2.6) and (2.7). Three types of Archimedean Copulas

are introduced.

To proceed we find the following integrals

/too f(s,t)ds, (2.12)

and

/too f(t, z)dz, (2.13)

as in the following lemmas.

In the next lemma we give the formula of the integral (2.12) that we are looking for,

using three different types of Archimedean Copulas.

Lemma 2.67. Assume the bivariate joint distribution function F(s,t) is defined by a

Copula function
F(S,t) = C(Fl(s),FQ(t)), (2.14)

where s,t > 0 and each marginal distribution is represent to a Gompertz distribution.

Then the values of the integral (2.12) are given by

(i) Frank Copula
fa(t)(e* — 1)
(e — 1) + (evF1(t) — 1) (exF2(®) — 1)

(ii) Clayton Copula
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(iii) Stable Copula

11—«
HF(t,t In Fy(t)\“ Ta
fQ(t)_fQ() (t,t) ((InFi(t) 1 _
Fy(t) In Fy(t)
Proof. From equations (2.6) and (2.7), for i = 1,2, we have
_my (t—my)
F()=1-e¢ " ™
and
1 ot emmy
fi(t) = —e i (2.15)

with m; and n;, are parameters. The hazard function from equation (2.8) is given as

1 Gt=my)
)\Z(t) = —e ™ .

1

Since F'(s,t) is bivariate joint distribution function, it follows that from Definition 2.62,

the corresponding joint density function f(s,t) given by

f(s,t) = fi(s) fa(t)e(F1(s), Fa(t)),

where ¢ is the Copula density function. Substituting the value of f(s,t) from (2.67) in
the integral (2.12), we get

/t A Bt)eFi(s), Fa(t))ds, (2.16)

where that, fi(s) is the density function of F(s) given in equation (2.15). Hence,

dFi(s)
ds

= f1(8),

and
dFi(s) = fi(s)ds. (2.17)

Substitute equation (2.17) in the integral (2.16) to obtain
/ fg(t)C(Fl(S),Fg(t))dFl(S).
t

Substitute the value of Copula density function from Definition 2.61 in above integral

* 920 ((Fy(s), Fa(t)))
f2“>/t o(F (=)o) 1) 21

to obtain
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Integrate (2.18) to get

OC((Fi(s), Bx())
F) ( 0]

) ) . (2.19)

s=t

Now to find (2.19) we will apply three types of Archimedean copulas.

(i) Frank Copula
Substitute the value of W from equation (2.9) in (2.19), we get
(e2F1(5) — 1)eaka(t) SZOO)
s=t

fa(t) ((ea —1) + (e2P1(5) — 1) (eaF2() — 1)

Simplify,
aF1(b) -1 Ong(t)
fo(t) lim (e Je
b—oo \ (e — 1) 4 (eo1(h) — 1) (exF2() — 1)

(eaFl(t) _ 1)€OZF2(t)
e 1)+ (R0~ 1) (BB —1) )

The Gompertz distribution function F} goes to 1 as b — oo, so the above terms

becomes

(ecx o 1)eaF2(t) (eaFl(t) _ 1)6aF2(t)
fa(t) (@ — 1)+ (e — 1) (P20 — 1) (o — 1) + (eoFr(h) — 1) (eaFo® —1) ) °

Rearrange the above terms we get

fa(t) ( (e™ — 1)eaF2(t) (eaFl(t) _ l)eaFQ(t) )
( .

e —1) (1420 —1)  (e* — 1)+ (eoF1() — 1) (eaF2(t) — 1)

That is,

aFy (t) . akFy (t)
(e Le ) . (2.20)

fa(t) (1 - (@ —1) + (eaF1(t) — 1) (eO‘FZ(t) — 1)

Rearrange (2.20) we get

e — 1+ Ol (t) a2 (t) _ paFi(t) _ paFa(t) +1— 0 F1(t) gala(t) + et (t)
¢ .
fa(t) (@ — 1) + (eaF (0 — 1) (eaP>(0) — 1)

Hence, by the Frank Copula, the integral (2.12) is equal to

fa(t)(e* — e*11)
(e — 1) + (evF1(t) — 1) (exF2(®) — 1)
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(i)

(iii)

Clayton Copula

From equation (2.10), the first derivative of Clayton Copula can be written as

_lta
‘%Yéi’t) - (1 + <z>a —t“) " (2.21)
Substitute Fi(s) and F»(¢) in equation (2.21) to get
o _lta
80(2721(%)(; ;2(”) = <1 + (5?8) - (Fz(t))a> L (2.22)
Substitute equation (2.22) in equation (2.19) we get
_lta

o (1 (B4 ~sior)

S=00
s=t )
Thus,

s (04 () ~mor) (4 (56)w0r) )

The Gompertz distribution function F} goes to 1 as b — oo, so the above terms

becomes

(t)

Hence, by the Clayton Copula, the integral (2.12) is equal to

_lta
«@

10 - 10 (1+ (5 - (F(0)°)

Stable Copula
From equation (2.11), the first derivative of Stable Copula can be written as
11—«
8C(S,t) 1 _((_1 )o‘—i-(—l t)o‘)l IDS @ Ta
= - ns ntee — 1 . 2.23
ot mt) © (2.23)

Substitute Fj(s) and F5(t) in equation (2.23) to get

1—a

OC(Fi(s), Fh(t)) 1 6—((—1nF1(s))a+(_sz(t))a)é(<1HF1(8)>Q+1 o
o(F(t)) Fh(t) In F5(t)

(2.24)
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Substitute equation (2.24) in equation (2.19), we get

l—a S_OO>
s=t

1 aq(_ oyt ((InFi(s)\“ T
(= In Fy(5))"+(~ In Fa (1)) & !
f2t) (onf)e (GORD

l—a

. 1 . Wi/ (IEGB)N\Y D\
(=InF(0)*+(=InFa(8)*) @ 1

R iy, (FQ(t)e (Grm) +1) )

11—«
1 _((_ @ _ @ % lnF (t) “ “
_ (= In FL()*+(—In F2(t)*) @ ! 1
f2(t) (Fg(t)e <<lnFQ(t)> + ) > .

The Gompertz distribution function Fj goes to 1 as b — oo, so the above terms

becomes

_ L (- mE@)r - m @) lnFl(t)>0‘ >—
fa(t) = f2(1) <F2(t)€ F1(£)°+(—In Fa(t <<lan(t) +1 . (2.25)

From Definition of Stable Copula 2.66, we know that

C(Fi(t), Fy(t) = e*((*lnFl(t))aJr(flan(t))“)é‘ (2.26)

Substitute equation (2.26) in (2.25) to get

11—«

fo()C(F1(t), Fa(t)) ( (InFi(t)\ =
fa(t) — A0 <<1nF2(t)> +1> : (2.27)

Substitute equation (2.14) in (2.27)

11—«

o B (SR )

which is a result of the integral in (2.12) by the Stable Copula.

This completes the proof. ]

Next lemma gives us the formula of the integral (2.13) we are looking for using three

different types of Archimedean Copulas

Lemma 2.68. Assume the bivariate joint distribution function F(s,t) is defined by a

Copula function

F<3ﬂt) = C(Fl(s)’ Fg(t)),
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where s,t > 0 and each marginal distribution is represent to a Gompertz distribution.

Then the values of the integral (2.13) are given by

(i) Frank Copula

. . Fa(t)(e® — o)
/1; f(t,z)dz = -1+ (eOéFl(t) — 1) (eaFQ(t) _ 1).

(ii) Clayton Copula

/too f(t,2)dz = fo(t) = fo(t) <1 n @jx;)a _ (FQ(t))a)

(iii) Stable Copula

[ - - B () )

Proof. Similar to the proof of Lemma 2.67. O

32



Chapter 3

Optimal welfare strategies for a

two-wage earners within a markets of

life-insurance and welfare providers

In this chapter, we extend the work done by Wei et al introduced in [45] by adding
the welfare policy to be an additional control variable on the problem for the two wage-
earners. We suppose that the two wage-earners are entered the welfare markets to protect

there families through a social welfare provider which is available to both agents.

3.1 Model setup

In this section, our industrial markets consists of the financial market which is available
for the two wage-earners, the life insurance market and social welfare market. We
describe their details separately. After that, we introduce the corresponding wealth

process.

3.1.1 Financial market model

We will introduce the financial market and make it available for investment all times

and consists as follows
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e T < oo denotes the common retirement time of the two wage-earners.

e 7, represent to death time of wage-earner i where i = 1,2, and (11, 72), that are

independent of each other.
e W(.) represent to standard Brownian motion.

e 11 = 7 A 1o represent the time of death of the first wage-earner from the two

wage-earners.

e A probability space
(Q,F,F,P),

where the natural filtration
F= {]:t}te[o,:r] )

is generated by W ().
e The first wage-earner earns a deterministic labor incomes of I;(-).
e The second wage-earner earns a deterministic labor incomes of Io(-).
e The risk-free return rate r(-) is such that r(¢) > 0.

e The appreciation rate of the risky asset u(-) is defined by

w0, 7] = R.

e The volatility of the risky asset o(-) is defined by

o:[0,T] - R.

e The financial market has two types of assets, riskless B(-) and risky S(-) with

prices satisfying the following differential equations, respectively,

dB(t
7( ) = r(t)dt,
(t) (3.1)
d5W) _ ndt + o(hyaw (1)
S t) - /’L ’
where ¢ from 0 up until the retirement time 7T'.
Assumption 1. 1. The coefficients r(t), u(t) and o(t) are assumed to be determin-

istic continuous functions on interval [0,T].
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. There exists an {F;} o<i<T progressively measurable process ¢(t) € R, called the
market price of risk, such that for Lebesgue-almost-every t € [0,T], the risk pre-
mium

Bt) = (u(t) —r(t) €R,

is connected to the market price of risk ¢(t) by the identity
B(t) =o(t)o(t), as.
. o(t) must satisfies the following condition
T
/ o? (t)dt < .
0

. We assume that

T
/ P*(t)dt < oo a.s.
0

. The following exponential martingale condition holds

Eyfe- ST pyaw -1 T le(@Ide) — 1.

. Assume that the lifetime of the two wage-earners are being random and represented

by a continuous random variable (11 > 0, 7o > 0) defined on the probability space

(Q’ ’F? IF? P)'

3.1.2 Life-insurance market model

In this section, we will define the distribution of the random variables (71, 72), and the

corresponding conditional probability distribution functions to help us introducing the

life-insurance market model. To do so, we assume that the two wage-earners have a

participated in the life-insurance market by paying an amount of premium k;(t) to the

life-insurance provider, where t € [0, 7; A T].

Assumption 2. The random variable T; for the wage-earner i has a distribution function

F; :]0,00) — [0,1] is given by

Fi(t)=P(r; <t) = /0 fils) ds,
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where f; is the density function defined by

fi : [0,00) — RT.

Now we define a new function, which is called the survival function
F0,00) = [0,1],
for the wage-earner ¢ to survive past time t is defined as

Ffrt)=P(rni>t)=1-F(t), i=1,2.

7

Assume that the mortality rate (or hazard function) \;(¢) for the wage-earner i defined

as
. Pit<m<t+Atmn>t) .
(4) = 1 = =1,2 2
Ai(t) = lim Az , =12 (3.2)

which represents the conditional instantaneous death rate for the wage-earner surviving

past time t.

From equation (3.2) and Assumption 2 we have

P(t<Ti§t+At‘Ti>t)

i(t) =1
Alt) = lim, At
. P(r <t+At)—P(r; <t)
= lim
At—0 AtP(1; > t)

~ i Fi(t + At) — Fi(t)
At—0  AtP(1; > t)
Fi(t + At) — F;(t)
P(r > ) a0 At
_ fi®)
F (1)
d

=S ®),

Hence, we can write F;' (t) in the form

P(Tl’ > t) = E+(t) e effot )‘i(z)dz.

Thus, the probability distribution functions F;(t) is

P(r; <t)=Fi(t) =1 — ¢ Jori(2)dz, (3.3)
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And f;(t) is related to A;(t) by the identity
Fit) = N(OF () = \i(t)e Jo 22z, (3.4)

Similarly, we can define conditional probability distribution functions as follows

The conditional probability function Fj(s;t) of wage-earner 1 die before time s,

given that he is alive at time t and ¢t < s is
Fi(s;t) = P(m < s|m > t). (3.5)

The corresponding conditional density function of Fj(s;t) is fi(s;t).

e The conditional probability function Fy(s;t) of wage-earner 2 die before time s,

given that he is alive at time t and ¢ < s is
Fy(s;t) = P(m2 < s|m2 > t). (3.6)

The corresponding conditional density function of Fy(s;t) is fa(s;t).

e The conditional probability function Fr, (s;t) represent to first death between the
two wage-earners occur before time s, given that they are alive at time t and ¢ < s
is

FT1 (S;t) = P(T1 < 8’T1 > t). (37)
The corresponding conditional density function of Fr, (s;t) is fr, (s;t).

e The conditional probability function F'(si,s2;t) represent to the wage-earner i
dies before time s; where i = 1 and 2, given that they are alive at time t and

t < min{sy, sa} is
F(Sl,SQ;t):P(Tl §81,72§82’T1 >t), (3.8)

The corresponding conditional density function of F'(s1,s2;t) is f(s1, S2; ).

For i = 1,2, any contract between the wage-earner 7 and the insurance company starts
at time ¢ = 0 and stops at time equals to the minimum between the death time of the
wage-earner 7; or it’s retirement time T} i.e., (1; A T'). If the wage-earner i dies at time 7;
while having a contract with the insurance company by buying life-insurance premium

rates k;(7;), then that insurance company pays an amount




where

ni [0, T] - R

denotes the premium-insurance ratio which is determined by the insurance company.
In case 7; < 13—;(¢ = 1,2), which means the wage-earner i dies first, the total wealth at

death time 7; jumps to
ki (1)
i (1i)

where X (7;—) denotes the wealth for the wage-earner i prior the time of death.

X(r)=X(rn—)+

If the two wage-earners dies simultaneously, then the insurance company pays to there

beneficiary an amount

o~

i (1i)
— i (7i)

3.1.3 Social security system model

In this section, we will allow the two wage-earners to contribute in the social security
system in order to protect their families in the future. We assume that the wage-earner
1,1 = 1,2 contributes in the welfare system by paying an amount ¢;(¢) to the welfare

provider, where the time ¢ is such that ¢ € [0,7; A T1.

If the wage-earner 7 dies at time 7; < T, while he is participating in the social security

system, then the social security company has to pay to his beneficiary the amount

where
hi(t) : [0,T] = RT,

is a continuous and deterministic positive function which is determined by the social
security company, and
qi(t) 1 [0,T) — RT,

is a non-negative deterministic function.
The participation in the social system ends when the wage-earner dies or achieves re-

tirement age, whichever occurs first. Therefore, for the wage-earner 4, the total wealth

at death time 7; < T equals to




3.2 Optimal control problem

In this section, we will consider the optimal control problem for the two wage-earners
whose goal is find the optimal strategies that will maximize the expected utility, while the
two wage-earners are purchasing life-insurance and having access to the social security

system.

To proceed in modeling the flow of the wage-earner’s wealth, we first introduce the

following assumption.

Assumption 3. Let t € [0, min{T,T}]. We assume the following

e The income function I; : [0,T] — R{{, 1 =1, 2, is a deterministic Borel-measurable

function satisfying the integrability condition
T
/ L(t) dt < o,
0

e The consumption process (ci(t))o<i<t, @ = 1,2, is a {F; }o<t<T progressively mea-
surable non-negative process satisfying the following integrability condition for the

investment horizon T > 0
T
/ ¢i(t) dt < oo a.s..
0

o The premium insurance rate (ki(t))o<i<r and welfare premium payout (¢;(t))o<t<T

are non-negative {F; }o<t<T predictable process, fori = 1,2.

Let u;(-) be the amount invested in the risky asset where i = 1,2. For the wage-earner

1, the wealth process is defined as

X0 = o+ [ (=)= k) - (o) + 19 s+ [ EE g,

b ui(s)

Ty S

dS(s),

where z; ¢ is the initial wealth of wage-earner ¢. The last equation can be written using

the dynamics in equation (3.1) as

Xi(t) = @i+ /0 t ( — ci(s) — ki(s) — qi(s) + I@'(s)>ds + /0 t <Xi(s) - ui(s)>r(8)ds
+ /0 Ca(s) <u(s)dt + a(s)dW(s)).
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After rearranging the above terms we can get the following form

X;(t) = i +/0 <7”(5)Xz'(8) + (u(s) = r(s))ui(s) — ci(s) — ki(s) — qi(s) + Ii(8)>d8
+ /0 s ()0 (s)AW (5). (3.9)

Differentiate equation (3.9) with respect to ¢ to get this differential form

dXi(t) = [r(O)Xi(t) + (u(t) — r()ui(t) — ci(t) — ki(t) — qi(t) + Li(t)] dt

(3.10)
+o(t)u(t)dW(t), tel0,7; AT].
The total household wealth defined as
X () =X1() + X2 (). (3.11)
Thus, differentiate both sides
dX (1) =dXi(:) + dXa("). (3.12)
Define the total investment in risky asset as
2
u(t) = 3 wi®)1peny, (3.13)
i=1

where 1{.} is the indicator function.

Substituting the identities of (3.10), (3.11) and (3.13) in the equation (3.12) we obtain

dX(t) = |r(®)X () + [u(t) = r®)]u(t) = Lgpary [er(t) + Ea(t) + qu(t) = L))

—Lperyy [e2(t) + ka(t) + qo(t) — Io(t)] |dt + o (t)u(t)dW (t), te€[0,(m1 V1) AT].

3.3 Stochastic optimal control problem

In this section, we will state the expected utility and the value function of the two wage-
earners using the dynamic of the wealth process. To proceed, assume A be the set of

admissible strategies which has the form

ﬂ-() = (01(‘)762(-), kl(‘)?kQ(')7Q1(')7QQ(‘)7u(')) )
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where ¢; is the consumption of agent i, k; is the life-insurance premium rate of agent 1,
g; is the welfare system premium rate of agent i, ¢ = 1,2, and u is the total investment

in the risky asset.

The set of all admissible strategies A can be expressed as
A= {W() € (R+)7 | 7(+) is F — measurable ,
r T
E; / uz(t)dt] < 00,
LJo
r T
Ay rcio:)rdt] <o,
/o
r T
| [ Iolae] <o,
/o

r pT
E, / ]qi(t)|dt] <ooi=1,2
LJ O

where E; [-] denote the expectation conditioned on F;.

For any m € A we define

Howim) =B [ M e (ea(s)) ds

ToNT
+ / ’U)QG_(SSU (02(8)) ds + wgl{TI\/TQST}e_&(TIVTQ)
t

2

ki (1i) &
X (U (X (Tl \/7—2) + Z l : l{Tz‘_Tl\/TQ}> +U (Z
i=1

i (7i)

i (73) 1
hi (7_7,) {’Ti:Tl\/TQ}

(3.14)

Fuilunsne TUXD)].

where U(+) represent the utility function and the constants
w; > 0,for all i =1,2,3,4,

have sum to one unit. That is,

The constants w; are reflecting the relative importance of one utility type with respect

to another utility and ¢ is discount factor.

Finally, the value function will be defined as

V(t,z) = max J(t,xz;m(-)).

TeA
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Chapter

Optimazation problem after the first
death

Based on Chapter 3, in this chapter we will find an explicit solution for the problem
under consideration when a post death of one person from the two wage-earners has
accrued. To proceed, we will first transform the stochastic optimal control problem of
the two wage-earners to an equivalent one with fixed planning horizon, after that we
can derive a dynamic programming principle (DPP) and the corresponding the H.JB

equation.

4.1 Stochastic optimal control problem after the first death

In this section, we will state the stochastic optimal control problem post first death, and

make certain assumptions that help us to state our DPP.

To solve the optimization problem after the death of one wage-earner from the two

wage-earners, we consider the following case

Ty =713 <7, 1=12.
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If Th = 7m3_;, after death of one person, the optimization problem of the wage-earner ¢

can be considered as

~ TiNT
max J; (¢, z;¢i(0), ki), ¢i(+), wi(-)) = E /t wie U (¢i(s)) ds

routene (0 (i B E) o () )

+ wil e U (X(T))

9

where X;(-) is as given in equation (3.9).

For i = 1,2, the value functions V;(¢,x) are expressed as

Vi(t,ﬂc)Z( :up )Ji (x5 ci(-), ki(+), qi (), ui(-)) -
Ci Ki,qi,Us

For simplicity, we will define the following notations for compensations

Now, for 1 = 1,2, let
Li(t, ci(t)) = U (ei(?))

be the utility function describing the wage-earner’s 7 preferences regarding consumption

at some instant of time ¢ € [0, 77,

Y¥ (7, Y(7)

~—

U (T(Tz)) )

are the wage-earner’s utility functions for the size of Y(¢) and Y(t),respectively, at time

t € [0, 7). For simplicity, we will assume Y (¢,-) = YY(t,-) = Y (¢, ).

The following assumption allows us to apply the DPP and derive an explicit solution

later on in this Thesis.
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Assumption 4. The utility functions
L : [0;T] x RT — RT,

YT [0;7] x RY = RY,

and
YY.[0;7] x RY = RT,

are twice differentiable, strictly increasing and strictly concave functions on their second

variable, and
R:RT - R"

1s a twice differentiable, strictly increasing and strictly concave function.

Let A;(t,x) be defined as the set of all admissible strategies for control problem after
first death

mi(-) i= (ci(), ki(+), @i (), wi ()

for the evolution of the wealth process with boundary condition X (t) = x.

For any given m; € A;(t,x) equation (4.1) can be written as

- Ti/\T
max J; (t, z;m;(+)) == Eq / wie % Li(s, ¢;(s))ds
t

+wslir<rye " (Y(Tu (7)) + Y (7, T(Ti))) (4.2)

+ w41{n>T}e—5TR(ng;(T))

)

where X;7; (s) is the solution of the stochastic differential equation (3.10). We note that
X/%(s) > 0 is the wealth process which starts from = at time ¢ < s when m; € A;(t, 7)

is being selected.

The transformation of the control problem (4.2) into a one with a fixed planning horizon

is explained in the following lemma.
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Lemma 4.1. Assume that all previous Assumptions (1)-(4) are hold. If the random

variables 1 and T are independent of the filtration I, then
~ T
Jit () = By / wie (1 = Fy(s,£)) Lils, ci(s))
¢
+ wge_‘;”fi(s, t) x (Y(s, Y(s)) +Y(s, T(s))) )ds

+wie™ (1 = Fy(T,))R(X(T)) | ft] .

Proof. From equation (4.2), we can rewrite the functional J; as

T -
Jit,asw() = By [uw} | we L s + 1pary [ wie Lo, ails)ds
t t
+ w31{n§T}675” X (Y(Ti, T(TZ)) + Y(TZ'7 T(Tz)))

+ w41{Ti>T}€_6TR(X(T)) | T >ty

Based on equations (3.5) and (3.6), the conditional probability density of the random
variable 7; is given by f;(u,t) and since 7; is independent of the filtration F for i = 1,2,

then we have

T
Ttz () = By (1—F,-(T,t))/t wie=53 Li(s, cs(s))ds

u
t

e ) [ s

—~
N2
N

~

QU
IS

T
+ /t i, Oywse x (Y (u, T(w)) + Y (u, T(u

+ wy(1 — Fy(T,t)e T R(X(T)) | F,

By the Fubini-Tonelli Theorem 2.40, since

fi(u7 t)e_(ssLi(‘g? Ci(s)) > Oa
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it follows that, the order of integration can be interchanged, so

/tTﬁ(u,t)/ =05 Li(s, ci(s ))dsdu—/ / Filu, 0)e=% Li(s, ci(s))dsdu
/ / filu, t)e % Ly(s, ¢i(s))duds

(4.4)
= (u, t)du ) e % Li(s, ¢;(s))ds
= [ ([ #twte) e nigscona
T
_ /t (Fi(T, 1) — Fy(s,1)) e~ Li(s, ci(s))ds.
Hence, by equation (4.3) and equation (4.4) we get
T
Jit, a5 mi(-)) = By [/t <wi655(1 — Fi(s,t))Li(s, ¢i(s))
+ wse 0T fi(s, 1) x (Y(s,Y(s)) +Y(s,Y(s))) )ds
+wae (1= F(T, ) R(X(T)) | ]:t] ;
which concludes the proof. ]

Now, we introduce the following definition which will help us stating the next lemma.

Definition 4.2. [}/ Let X (-) is a continuous stochastic process defined on the filtered
probability space (2, F,P,{F;}), then X has a Markcov property if for 0 <t < s < T
we have

Et[Xs’ft]:Et[Xs‘Xt].

In other words, a stochastic process has the Markov property if the conditional proba-
bility distribution of future states of the process (conditional on both past and present
values) depends only upon the present state, not on the sequence of events that preceded
it.

Lemma 4.3. (DPP) For 0 <t < s < T, then the maximum expected utility V;(t,x)

satisfies the recursive relation

Vi(t,z) = sup R, e Ir Ai(v)dvyz (s,Xg;(s)) +/ (wie_‘su(l — Fi(u,t))Li(u, c;(u))
WiEAi(t,Z‘) t

+ wge_‘snfi(u, t) X (Y(u, Tflx(u)) + Y (u, Tf;(u))) )du Fil.

(4.5)
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Proof. For any ; € A;(t, x) with the corresponding wealth X/ (-) and the corresponding
total legacy Y7? (u) and T;“z Lemma 4.1 gives that

Jilt,zim()) = Ey

T
[ (W—éu(l _ Ry t) L, ei(w)
+wge ™ fi(u, t) x (Y (u, Y7 (w) + Y (u, Y7, (w))) ) du

+wse (1 — F(T,t))R(X(T)) ‘ Fi

For any 0 <t < s < T the above equation becomes

Ji(t,xymi(+)) = Ey

/ <wie5"<1 — Fiu, 1)) Lifu ()

+wse T fi(u,t) x (Y (u, Yo (u) + Y (u, Y7 () ) du

+ /t S <wi65“(1 — Fy(u, 1)) Li(u, ¢i(u)) (4.6)
+wse T fi(u,t) x (Y (u, Y7o (u) + Y (u, Y7 (u))) ) du

+ w4676T(1 — Fi(T,t))R(X(T)) ‘ Fi

Note that from equation (3.4) and we can get that for i = 1,2,

fi (u, t) =\ (u)e_ S Ai(v)dv
= 6_ fts Az(v)dv)\z (u)e_ fsu A@(’U)d’u
—=e fts Ai(’u)dvfi(u’ S).
Similarly,

1 — Fi(u,t) = e It Aildv () _ Fry(y, s)).

After substituting the values of f;(u,t) and 1 — Fj(u,t) in equation (4.6), we get
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Jilt,wim() = By [ e 0 </T (wi““ﬂ — Filu, ) Li(u, ci(uw)

4 w3e_5”fl-(u, s) X (Y(u, Tf;(u)) + Y (u, T?x(“))) >du

Fwse T (1~ F(T, ) R(XT(T))) (4.7)

ﬂl

Note that the stochastic process X;"; () has the Markov’s Property from Definition 4.2,

o (wie—ém Ry ) L, i)

+ wge” T fiu, ) x (Y (u, Y74 () + Y (u, Y5 (w)) )du

in which case
E; [R(X[L(T)) | Fi] = By [R(X[L(T)) | Fs| Fi

—E, [R(X;"Xm ©

(@) | 7).

and m;(+) = (ci(+), ki(+), ¢i(-), ui(-)) defined on interval [s,T] is in A;(s, X;7%(s)).
Hence, identity (4.7) becomes

Jilt,zymi() = By e O A @ T (5 X (5);mi())

+ /: <w,~e‘5“(1 = Fi(u, ) Li(u, ci(u))

—HmeMﬂ@ﬁX(W%T%WD+Y%T%WW>m‘

d

MY, (5, X7 (9) + [ S (wieéu<1 ~ Fi(u, ) Li(u, i (u))
t

ﬂl

Note that since m;(-) = (¢;(+), ki(+), ¢i(+), ui(+)) is arbitrary, then it follows that

<E;

s filu, 1) x (Y (u, Y () + Y, T () )du

Vitr) < suwp B
T EA; (t,x)

e O (5, X7 (9) + [ (wz-e% — P, ) LiCu, i(w)
t

Fi

+ wge_(sTifi(u’ t) X (Y(u, Tf;(u)) +Y(u, T?&(“))) )du

(4.8)

Thus, we conclude the first direction.
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Conversely, given that m;(-) = (¢i(+), ki(+), ¢i(+), ui(+)) € Ai(t, z), for any € > 0 and w € €2,

and using the property of supremum, there exists

L; = (Ci,w,e(')a ki,w,e(')a Qi,w,e(')aui,w,e(')) € A; (S, Xg?p(s)w)) )

where
Ji (5, XT(5): Liwwe()) > Vi (5, X75(5)) — e
Let
Ci'aki'ai'aui' ) iqut,S,
£ (u) = (i) ki), ai(), wi-)) 2, ]
Liwe(u), if u € [s,T).
Notice that Xtﬁf; (T) = XL}“?;;( )(T) a.s., then from the functional in equation (4.7), we
8, X 5 (s
get
That is,
. T
Ey | e Je dilv)dv / wie (1 — Fy(u, $))Li(u, ¢ we(u))
S
w0 filu 5) (Y (T (W) + Y (w0, TE (w) ) >du
+une™ (L= BT )ROC (7))
5,X; (s
+ / (wie‘;u(l — Fi(u, 1)) Li(u, c;(u))
t
+wse " fi(u, t) (Y (u, i (u) + Y (u, T7(u))) )du .7-}]
> |le” i xiw)dv (VZ (S,Xg;(s)) — e)

+/t-s (wieﬁu(l _ E(u,t))Lz(uv Cz(u))

+wse ™7 fi(u, ) (Y (u, TG (w) + Y (u, TE (w)) )d“

ft] |
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The above inequality holds for any m;(-) = (¢;i(+), ki(+), ¢i(+), ui(+)) € A;(t,z) and € > 0,

which means

Vi(t,z) > sup E, e Ir Ai(v)duy, (S,erfc(s)) +/ wl-e_‘S”F;r(u,t)Li(u,ci(u))
ﬂiEAi(t,x) ’ t
]-'t].
(4.9)

Hence, from inequalities (4.8) and (4.9), we conclude the proof of Lemma 4.3. O

+wse "7 fi(u, t) x (Y (u, Tie(u) +Y (u, Y75 (w)) )du

Dynamic programming principle helps us to write a second-order nonlinear partial dif-
ferential equation whose solution is the value function of the optimal control problem

under consideration.

4.2 Hamilton—-Jacobi—Bellman equation (HJB)

We will use the DPP obtained in Lemma 4.3 to derived the following PDE, which is
known as Hamilton-Jacobi-Bellman equation (HJB), and whose solution is the value

function for the optimal control problem under consideration.

Theorem 4.4. (HJB-Equation) Suppose that the mazximum expected utility V;(t,x) €
C12([0,T) x R,R) fori=1,2. Then, V;(t,x) must satisfies the following HJB equation
Vie(t,x) = Ni(®)Vi(t,z) +  sup  Hi(t,z;m(-) =0, (t,x)€[0,T] xR,

(cirkiygi,ui)

Vi(T,z) = wsge TR(z), z€R, i=1,2.
Where the Hamilltonian H; given by

Hi(t,z;mi() = |r(0)x + (u(t) = r(®)ui(t) — ci(t) = ki(t) — a:(t) + Iz(t)] Vi (t, )

)
+ %UQ(t)uf(t)%,m(t, ) + Ni(t)wse™" <Y (t’x + f,jg) ¥ (t’ ZZ((?>> >

+ wie_‘stLi (t, Ci) s

Vit and Vi, denote first-order partial deriwatives with respect to t and x, respectively,

and V; 4 denotes a second-order derivative with respect to x. Moreover,

i) =),k (), 65 (), ui (1) € Ailt, ),
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whose wealth X* is optimal if and if for s € [t,T] we have

Vie (s, X[ (8)) — Xi(s)Vi (s, X (8)) + Hi (s, X[ (s);m;) = 0. (4.10)

Proof. Apply s = t+h in the DPP from equation(4.5). By Ito’s formula from Theorem
2.56, we can get

t+h
Vi (t+h, X(t+h)) = Vit x) +/ <Vi,t(s,X(S)) + Via(s, X(s))
X |r(8)Xi(s) + (u(s) = r(s))uils) — cils) — ki(s) — qi(s) + Li(s) (4.11)

t+h
+ ;Vi,m(s,X(s))a%s)u?(s))ds+/t Via(s, X (s))o(s)u;(s)dW (s).

Note that by Taylor series expansion, and since h is small we can get that
e ST M@ 1\ (h) + O(h2), (4.12)

where O(h?) represents an error of order two. Using equation (4.12) and Lemma 4.3 we

get

0= sup KE;
(ci ki qiui)

t+h
+ [ (wie—% — By, ) Li (, ci(u)
ot (v (oo B) o0 (1)) Ji 2

Now substitute equation (4.11) into the above equation, divide the result by h, and let

(L= N(®)h+ O(R*))Vi(t + h, X;(t + h)) — Vi(t, z)

h goes to zero to obtain

0= sup E;
(ciski\gqiyui)

+ [r(®)z + (u(t) — r(t)ui(t) — ci(t) — ki(t) = qi(t) + Li(t)] Vi (t, 7)

1
+ 50 (06 (6)Vi (£ 2) + wie™" Ly (1, ¢i(u))

_ ki(t) q(t)
+)\itwe‘5t<Y(t,x+ )—i—Y(t, .
(s (D) il
Since V; ¢(t, x) — Xi(t)Vi(t, z) doesn’t depend on m;, it follows that the first part of HJB

theorem holds.

Vit(t, ) — Ni(t)Vi(t, x)
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Now we will prove the second part of the H.JB theorem given in equation (4.10).
Let (¢i(+), ki(+), qi(+),ui(+)) € A;(t,z) with the corresponding wealth X;, applying Ité’s
formula to

o Ai(v)dv%(S,Xi(S))

to obtain

t

Vilta) = e JEXMOTROX(T) - / e ns (vmw, Xi(w)
Vi X0 (H0X00) () = r(0)s) = )~ s(0) — i) + Fo)
= Ns(Vi(o, Xi(w) + 5 Vi Xi<u>>02<u>u?<u>) du
- / " BN, (X ) o Cos () IV ().

Now, take the expectation of the above equation to get

u

Vi(t,z) = E, [e— JIx@ad pox Ty — / ' e~ Ji diw)dv (1/;7t(u,Xi(u))
T Vi, Xi(u) (r<u>xi<u> (o) — () () — s(u) — ki) — i) + fi<u>)
= Xi(uw)Vi(u, Xi(u)) + %V(u Xi(u))cfQ(u)u?(u)) du
T u
- /t e~ vy, Xi(u))a(u)ui(u)dW(u)]

Using the property of linearity of expectation and substituting the value of the functional

Ji(t, z; ¢, ki, qiy ui) from equation (4.1), we get

T
Vit 2) = Ji(t, w3 00, s sy ) — [ / o= I (v <vi,t<u,xi<u)>
t

(4.13)

— Ai(w)Viu, Xi(w)) + Hi(u, Xi(w); i ki, ¢i, Uz‘)) du] :

Thus, from equation (4.13) we notice that (since the controls are arbitrary)
~ T u
V;(tv JE) = JZ (tv ;5 Cfa k:a q;kv ’U,;k) - Et |:/ e ft Ai(v)dv (‘/i,t ('LL, Xz*(u))
t
—Ai(w)Vi (u, X7 (w)) + Hi (u, X5 (u); ¢, k7' 47 u;‘)) dU} -

Since V(t,x) — Ji (t,x;cf,kf, g ,uf) > 0, we conclude that

Vie (s, X[ (8)) = Xi(8)Vi (s, X7 (8)) + Hi (s, X[ (s);m;) <O0. (4.14)
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Now to prove the other direction, since V;(t, z) is the maximum expected value, it follows

that from equation (4.13)

T
Vilt,z) > Ji(t, x4, kiy qiy wi) — By [/ e Ji w)dv (W,t(% Xi(u))
t

(4.15)
MV ) s A Xl b))
(ci ki qiui) €A (t,x)
From inequality (4.15), we obtain
~ T u
‘/i(u 33) 2 JZ (ta €] Cf) kz*a qgk> u;k) - Et |:/ e_ft Ai(v)dv (‘/i,t (’LL, Xz*(u))
t
= MOV (0 X7 () s X K0 )
Since V;(t,x) is the maximum expected value, that is
Vi(t,z) = J; (t,z, ¢}, k)L qf ul),
it follows that
Vit (5, X7 (s)) — Mi(s)Vi (s, X[ () + Hi (s, X[ (s);m;) > 0. (4.16)

Hence, combining inequalities (4.14) and (4.16) we conclude the result. This completes

the proof. n

4.3 Optimal strategies in terms of the value function

In this section, we will find the optimal strategies such as the optimal consumption ¢} (-),
optimal insurance premium k}(-), optimal welfare policy ¢(-), and optimal portfolio

*

uf(+) in terms of the value function Vj(t, z) for the wage-earner i, where i = 1, 2.

Based on Theorem 4.4 we will determine the optimal strategies ¢! (-), k7 (-), ¢/ (-) and u; ()
in terms of the value function V; . (; z) in the next result. To proceed we first introduce
some properties for the utility functions L;(¢;-) and Y (¢;-). From Assumption 4 we
have that L;(t,-) and Y (¢, ) are strictly concave with respect to their second arguments.
Hence, L;(t,-) and Yz (¢,-) must be invertible for each ¢ € [0,T], where L; »(t,-) and
Y. (t,-) are the derivatives of L;(t,-) and Y (¢, -) with respect to their second arguments,
respectively. Let
N1 :[0,T) x Rf — Ry,
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and

Ny :[0,T] x RS — R,

to be the unique inverse functions such that

Ni(t,Liz(t,x)) =2 and L;,(t, N1(t,z)) = x,
No(t,Y(t,x)) =z and Y (t, No(t,x)) =z, (4.17)

for all t € [0,7] and = € R.

Next theorem give us the formula of the optimal strategies that we are looking for.

Theorem 4.5. Suppose that the Assumptions 1-4 are hold and that the value func-
tion V; € C12([0,T] x R,R). Then the Hamilltonian H; has a unique mazimum m} =
(), kX (), g (4),ul(+)) € Ai(t,z), and the optimal strategies are given by

Glta) = M (t, Vialli) ”) ,

w;e—ot

e = (0 BRI o]y,

)\i(t)wge*‘;t
g (t,x) = Ny (ta W) hi (),

() = (@) Vit 2)

e ¥ O

where N1 and Na are as given in (4.17), respectively.

*
(2

Proof. An optimal admissible strategy (¢}, k], ¢, u
X/ is satisfies identity (4.10) of Theorem 4.4.

) € A;(t,z) whose wealth process

Hence, it is enough to consider the following four independent conditions in maximizing

H;

sup Hi(t, ;i kis qi,ui) = sup {wie_&[/i (t,ci) — ci(t)Viu(t, UC)}

(ciskiygiyui)€(RT) ci€ER*
ot ki(t)
+ sup  Ai(t)wse Y [tz + —ki(t)Via(t, x)
k;€ERT ’I’h(t)
A —5t )\
+ sup 9§ Ai(t)wse 'Y | ¢, qi(t)Via(t, x) (4.18)
¢GERT h’b(t)
1
+ sup {02(t)uzz‘/i,xas(t»$)+(ﬂ(t)—T(f))uz'(t)‘/i,x(taﬂﬂ)}
u; ERT 2

+ (r(t)x + L;(t)) Viz(t, x).
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We derive H; with respect the variables ¢}, k], ¢ and u; as they follow non constrained

maximization problems, respectively, we obtain the following first order conditions

wie_éth;f (t, CZ() - V;,:E(tv ':C) = 05

()" i (1) ’
/\i(t) ot q; (t)
(" (t’ hi(t)

(
o (t)uf (t,2)Viaa(t, @) + (u(t) -

Ai(t) ooty ( - kj(t)) — Vig(t,z) =0, (4.19)
- V;,:E(taw) = 07
(

t)Via(t, z) = 0.

Using the inverse functions stated in (4.17), we solve equations (4.19) for the correspond-
ing control variables as

Vialt
cte) = N <tw£§))
K]

K(ta) = [z\@(t, W) —x]m (1),
i) = d(n MR ),

. () =r@)Via(t, z)
u;(t,x) = — Vi (L a)o?(l)

We evaluate the second derivative to each one of the variables to get

Hi,Cz'Ci (tv £y W:) = wie_étLCiCi (ta Cf%

Ait) s kX (t)
Hiki, (t,37) = ws3e ™, ( 1, AU
n; ni(t)

. A _ g; (t
Hi,qiqi (tv xZ; ﬂi) = h2 wgze 6tY;1i(Ii <t’ hz(t§> ’

,Hi,uiu,- (ta xZ; 7[':) = ‘/i,acaz (ta x)UZ (t)

Using the Assumption 4 about the strict concavity of the functions L; and Y with
respect to their second variables, we conclude that the optimal strategies c;, k; and
¢ are optimal. Now we will show that H; ., (¢, z;v)) is negative. if V; z.(t,z) > 0,
then from the HJB equation H; has no upper bound and hence, either V;(t,z) = oo
or V;(t,z) = oo, which contradicts the assumption about smoothness of V;. Therefore,
Vigz(t,x) < 0 and so H;y,u, is negative. Hence, H; has a unique regular interior

maximum and we conclude the proof. ]
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4.4 The power utility function

In this section, we will assume the following power utility functions for the wage-earner
i,1=1,2:

Li(t,¢) = o
T ki(t)\”
(v ) - T 50) 2
i)\
(i) - U

where v < 1 denotes the risk parameter and not equal to zero. We will use these utilities

to derive an explicit solutions for the problem under consideration.

4.5 Explicit solution

In the following theorem, we will derive an explicit solution for the optimal controls by
using the optimal strategies obtained in equation (4.19) and applying the power utilities,

we get the following explicit theorem after the first death for the wage-earner i.

Theorem 4.6. Given the power utility functions in equation (4.20). Assume the value

function corresponding to wage-earner i after Ty is given by

hieo) = @ o),

where Ty = 13—, 1 = 1,2.

Then the optimal strategies are given by
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where

T
bi(t) —/ Ii(s)e_fts(r(z)-i'm(z))dzds’
t

1 T T s
Li(t) =wj 7 e Ju hils)ds +/ e~ i =g, (5)ds,
t

>
&
o

~
SN—

Il

— (5 () =7 () + mi(t) —

Ll il

_1 n 4 h
1
(Ai(t)ws) T

Proof. We start the proof by noticing from condition (4.19), we get
Viz(t,z) = wie_&Lci (t,c).
Substitute the value of L, (,c}) we get
Via(t,x) = wie™® ()71,

After rearrange the above equation for ¢! (¢, x) we get

Vielt,x edt ﬁ
ci(t,z) = (’(wl)> . (4.21)
Substituting the value of Y, in equation (4.19) to get
-t (5O
Rearranging equation (4.22) we get
1
Ky (t,z) = ( ( /\?(it()tz)zjg Via(t, x)e&> - x) ni(t). (4.23)

Similarly, to find the optimal control ¢} (t,z). We use again equation (4.19), we obtain

. * v—1
Via(t,z) = 2222 wze % <(}JZZE2> : (4.24)

Rearranging equation (4.24), we get

q; (t,x) = < Ah(t()% - Via(t, x)e‘”) hi(t). (4.25)
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Similarly, from equation (4.19), we have that

i) = o e 0t) (4.26)

Now we are going to find the solution for the HJB equation. We will substitute the
optimal strategies c;, k7, ¢ and u} from equations (4.21), (4.23), (4.25) and (4.26),
respectively, in the HJB equation, but we will do that in a separated steps as the

following

Step 1: Substitute the values of ¢} from equation (4.21) and L;(t,c}) from equation
(4.20) in equation (4.18), to get

sup {wie_‘stLi (t,ci) —ci(t)Viu(t, x)}

¢ ERT
1
=6t V t ot ﬁ V t.x €6t 7-1
_wie < it @)e ) _ (,,c()> Via(t,z).
v wi i

Rearrange the above terms, we get

sup, {wie‘”Li (t,ci) — Ci(t)vi,w(tvx)} = (177> <fz> - <Vi,x(t,$)> %- (4.27)

Step 2: Substitute the value of w} from equation (4.26) in equation (4.18), to get

1

sup {5 UV, + (ult) = () Vis.) |
P20 (~{p(0) — ()i (1, 2)

<7 (i) Ve

—|-(,u(t)—7’(t))( < (ZQ(t)%)iz((‘;x() S )

Rearrange the above terms, we obtain

1
sup {5V 1.3) + () = ) 0)Vislt.) |
(1(6) = r(0))? (Vealt,2)

202 (t)Viaa(t, z) .

)

(4.28)

58



Step 3: Substitute the value of Y from equation (4.20) in equation (4.18), we get

sup {)\i(t)wge&Y (t,x + ki(t)) _ ki(t)V;,x(t,x)}

k,eR+ 0
_Nuwse™ (K@) L
- Y <$+ 77z‘(t)> E;(t)Via(t, x).

Substitute the value of &} from equation (4.23) in equation (4.18) to obtain

im0
Ai(t)wze 0 < (A?(it()tqlg Viz(t, a:)e&) - x> ni(t)\ 7
:f (az + ey >

M) 1 et ﬁ_x OV (L
—<(Ai(t)w3vz,m<t, ) >m<t>vz,z<t, )

That is,

sup {)\i(t)w;;e_‘StY <t,$ +
k;€R+

40 -hoo)

)\i(t)wge*& < m(t) v 6t> -1
= ia(t,x)e
)\Z‘(t)w?, ’

~

m(t) " w%l
- <)\Z~(t)w3 ‘/i,m(tv x)eé ) ni(t)w,:p(t, $) + xm(t)wx(t, .1‘)

Rearrange the terms to get

sup {)\i(t)wge&Y (t,x + k’g) _ ki(t)vi,m(t,a:)}
e " o (4.29)

(1) Vi (1, 2) + (1 ‘”)effl < Wv;,x@,x)) o
(i

v (t)ws)~

Step 4: Substitute the value of Y from equation (4.20) in equation (4.18) we get that

sup {)\i(t)wge_&Y <t, ‘W)) _ qi(t)Vm(t,m)}

¢GERT h; (t)

_ A (t)wze™% q;(t)
g hi(t)

) = 4; ()Viu(t, ).

Substitute the value of ¢f from equation (4.25) in equation (4.18) to get
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sup {npuse v (629 g o000}

¢;€ERT Z(t)
1
h;(t —1
_/\i(t)wge*‘” ()\i(t()g,?)%,z(t, ac)e‘”)7 hi(t)\ Y
& hi(t)
hi(t) 7=
— ‘ 4 AN '
()\@'(t)wg ‘/Z’w(t’x)e > hl(t)‘/;:l“(tvl')'
That is,
sup {Ai(t)wiSe_&Y <757 Qi(t)> - qz’(t)Vi,:c(t,x)}
¢ ERT hi(t)
i(t)wze ! < h;(t) §t>vw—1
= Viz(t,x)e
v Ai(t)ws 7 (t,)

1

hilt) z)e’ Y . T
_<>\i(t)w3Vz,x(t, ) ) hi(t)Via(t, z).

Rearrange the terms to get

sup, {/\i(t)’tU3e‘5tY <t, Zﬁ;) — @i(t)Via(t, CU)}
y (4.30)

( v ) ((Mt)wg)i e )>

After substitute the values from equations (4.27), (4.28), (4.29) and (4.30) in equation

(4.18) these computations lead to

~

sup Hi(t,x,m) = ( )@) (mt:c)H+(r(t):c+]i(t))%7x(t,x)

me(RT)4
+ ( zx(t :E)) N + l’ni(t)vi,x(t’x)
+ ( zx(ta x)) -
o (p(®) Tt)2(th$))
?O)Vigalt, ®)
Thus,

- t % 1 ¥—1
sup  Hi(t,z,m) = <H> et <Vi,x(t, x)) o (w,' Tt M )
me(RH)* v (i (£)ws) 7T

+ <r(t)x +ni(t)x + Ii(t)> Via(t, ) — 202(t)V;
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Now substitute in the HJB equation from Theorem 4.4 to obtain

0 = V;,t(tax)_)‘i(t)v;(t?w)

1 6t T4 1 T

— o 1 ; ;

+ <7> e (1/;7$(t,:17)> <wi L (i )
7 (Ai(t)ws) =T

(u(t) — (1) (Via(t, 2))?
N (r(t)a: it + L-(t)) Vielb) = o Vit a)

To make this simple, consider

Then the HJB equation simplifies to

~

0 = Vidttia) = MOVt + () (Viatto) ) e

gl
(n () r() (Via(t, 2))*
o (t)Viga(t,w)

+ (T(t)w +ni(t)z + Ii(t)> Via(t, ) — (4.31)

with the terminal condition

Vi(T, z) = wye °T R(x).

Now to solve equation (4.31), recall the ansatz function from the statement of this

theorem
o0t a;(t)
Y

Vi(t,z) = (z +bi()"

Compute the partial derivatives V;, Vi, and V; 4z

Via(t,z) = e %a;(t) (z+bi(t) ", (4.32)
View(t,z) = (y—1)e %a(t) (x4 bi(t)) 2.

x i Fye*&
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Substitute the above partial derivatives in equation (4.31) to get that

0 = e %at) <x + bi(t)yldb;it) + <m i bi(t)ye_& (da"(t) - 5a,-(t)>

% dt

~

(et oy LY o (etta) (o b)) g
- n(pet +bz<t>>7+< - ) ( () (@ + b)) ) gt

+ <7’(t):c +ni(t)x + Ii(t)> e*‘stai(t) (x + bi(t))7_1

2
(u(t) —r(t))? <€“”ai(t) (& +0i(1))" )

202(t) (v — 1)e=%%as(t) (x + bi(t))

Divide the last equation by (x + b;(t))” we get

M) du) +€“”<d‘”(t) —&Li(t))

(x +bi(t)) dt v dt

r(t)x i(T)x ] e g,
(rhe 02+ 50)e ) ety
(2 +bi(t)) 202@)( 1)

r(t)a; (£)b; (t)e 0 and 15 (t)a; (£)b; (t)e 0t

240 (1) 2+ b (1) to the above equa-

Adding and subtracting the terms

tion, to obtain

e %(t) dbi(t) e O [day(t) _seai(t)
T wrne) a4 ( at &”@)) ~ Al Ty
n r(t)za;(t)e % r(t)a;(t)b;(t)e r(t)ai(t)bi(t)e“;t I;(t)e %a;(t)
(z + bi(t)) x4 bi(t) x4 bi(t) x4 bi(t)
G t)za;(t)e " L mBaibit)e™ ni(t)ai(t)bi(t)e "
(x4 b;i(t)) T+ b;(t) x4 b(t)

o g
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Note that the above differential equation can be separated into two independent bound-

ary value problems for a; and b; as follows

0 = 8 (d‘“(t) - 5%(75)) (et @®

Y dt Y
n r(t)ai(t)e™" (@ +bi(t)) | ni(t)ai(t)e " (x + bi(t))
Lo sl )T () = ()2 ai(t)
(57 () oo - PG
and
e %a;(t) dbi(t) N Lt)e ai(t)  r(Hai®)bi(t)e  ni(t)ai()bi(t)e™® _ 0
(x+b;(t)) dt x + bi(t) x + bi(t) x + bi(t)

Divide the equation (4.33) by e~%* and rearrange the terms, we obtain

0 L (122) )

IO ) )
(=22t - P O e
a;(T) = wy.

x+b;(t)

Multiply equation (4.34) by to get

() —ot

db;(t)
dt

+ L;(t) + ( —r(t) - Ui(t)>bi(t) = 0,
b(T) = 0.

To solve equation (4.35) we assume its solution has the form

ailt) = (L()' .

Differentiate a;(t) in equation (4.37) with respect to time t, we get

dCLZ’ (t) - dli (t)
2= -y (un) =2

Substitute equation (4.38) in equation (4.35) to obtain
’Ydll (t) 1-— Y —~
= (u) "+ (20 oy a

1
v

LR YC IO T ESL O T
s (22 - SO

0 =
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The above equation can be rewritten as

dl;(t)
dt

— hi(D)li(t) + gi(t) = 0, (4.39)

lZ(T) == wi_”,

where
1 Y
hi(t) = R (5 F () =y (r(t) +mi(t) — 5

Equation (4.39) is linear and 1% order ODE, then we can solve it explicitly by using the

integrating factor method to get

t
ll(t) = efit" hL(S)dS </ _gi(s)e_ fT hL(Z)dZdS -+ Cl) .
T

1
-

Using the condition /;(T") = w; " we obtain

T
l;(t) = wﬁ e~ S hi(s)ds + / e~ i hi(z)dzgi(s)ds.
t
Substitute the value of /;(t) in equation (4.37) we get

_1 T T s 1—
a;(t) = <w417 e~ Ji hi(s)ds +/ e )i hi(z)dzw(s)ds) )
t

To find a solution for the boundary value problem (4.36), it is again 1% order linear

ODE and it can be solved also using the integrating factor method as
t t s
bi(t) = e~ ST -mndz [ _ / L(s)el7—r=m@) g 4 o )
T
Since b;(T) = 0, then co = 0. Consequently
T S
bi(t) = / Ii(s)e Jr r@4ni(=)dzqg.
t

From equation (4.21), we know that
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Substitute the value of function Vj (¢, x) to get

6—6tai T ; =1 ot ﬁ
Slta) < (1) (2 + bi(1)) )

Wy

- (cu(t) (z + m(t))”"l) - .

w;

Substitute the value of a;(¢) from equation (4.37) to get

1

¢(ta) =w; " l;t) (z + bi(t)).

Also from equation (4.26), we know this

(1(t) = () Vil 7).

u;k(t,flf) - UQ(t)‘/z'@x(t?x)

Substituting the value of Vj (¢, z) and V; 4, (t; ) from (4.32) in the above equation we
get

That is,

Similarly, substitute the value of V; ;(¢) from (4.32) in equation (4.23), to get

k() = ( < A?(it()ti,g e ay(t) (@ + bi(H)! e&> s x) mi(h).

Thus,

di(t.0) = (e e o v ) it
That is, )
¢; (t,z) = hy(t) <;(;()23> i li(1t) ( +0:(1)),
which completes the proof. ]
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Chapter 5

Optimazation problem before the first
death

In this chapter, we will consider the optimization problem before first death when the two
wage earners are contributing in the social security system while participating in the life-
insurance markets. We will use stochastic mortality models for dependent lives, mainly

Copula model, to handle a stochastic optimal control problem under consideration.

To study the optimization problem where the two wage earners are alive and to dis-
tinguish the strategies here from the strategies of the problem after first death as in
Chapter 4, we will use another notations ¢(-),w;(+), k;(-) and g(-), for the represen-
tation of consumption, amount invested in the risky asset, life-insurance and welfare,

respectively.

5.1 Stochastic optimal control problem before the first
death

In this section, we will consider the optimal control problem for the two wage earners in
which neither of them dies before the retirement date and we find the optimal strategies
that maximize the expected utility for each agent, where both individuals are wage-
earners and contribute in the social security system with their partner nominated as the

beneficiary.
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The wealth process for two wage-earners before first death can be expressed as

2

X(t) =zo + /0 (T(S)X(S) + (u(s) = r(s)als) + Y (=@i(s) = ki(s) — @i(s) + Li(s)) >d8

=1

¢
+/ o(s)u(s)dW (s),
0
(5.1)
where the wealth X (¢) is as given in (3.11).

Differentiate equation (5.1) with respect to t we get the following differential form

—~

2
dX(t) = (T(t)X(t) + (u(t) —r(t)) ult) + Z —Cilt) — ki(t) — Gi(t) + Ii(ﬂ)) dt

5.2 Tower rule of conditional expectations

In this section, we will introduce some conditional densities of probability distributions
functions for our wage-earner. This will help us to formulate the optimal control under

consideration and state the desire results before first death.

Based on equations (3.5), (3.6), (3.7) and (3.8) the following lemma holds.

Lemma 5.1. For any s, s1,sy > t the conditional density functions can be written as

hlsit) = {2,

hlsit) = {20

fro(sit) = T2 (5.2
v = L1555 o

Proof. Recall Fj(s;t) is the conditional probability for the first wage-earner time of

death to occur at time s conditional upon being alive at time ¢ < s. From (3.5) we have

Fi(s;t) = P(m < s|mp > t)
. P(T1 S S)
N P(Tl > t) (5'4)
_ Ii(s)
11— ()
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Since fi(s;t) is the density function corresponds to the distribution function Fi(s;t), it

follows that

fl(s;t) = %Fl(s;t). (55)

After substitute the value of Fi(s;t) from equation (5.4) in equation (5.5) we get

filst) = i(lfl;?m)

1 d
= 1—F1(t)£(F1(S))
__h(s)
1—Fi(t)’

where f1(s) is the density function corresponds to the distribution function Fj(s).

Similarly, we derive the densities fa(s;t), fr, (s;t), f (s1,s2;t). O

Proposition 5.1. Assume the joint probability distribution function of death times |
and T is as defined in Definition 2.62 by

F(t,t) = C(Fi(t), Fa(t)),

where C(-,-) is Copula function, then the distribution function for the time T is given
by
Fr,(t) = Fi(t) + F(t) — F(t,t).

Proof. From Copula Definition 2.59 we have

F(t,t) = C(Fi(t), F» (1))

P(r <t,m <t) (5.6)
P

(Tl St)+P(T1 St) —P(Tl <t, T2 <t).

As we know that from equation (3.3) the marginal probability distribution function for
7; is Fy, and Fr,(t) = P(m < t, 72 < t) is the distribution function for 77, so, equation
(5.6) becomes

F(t,t) = Fi(t) + Fa(t) — Py (t). (5.7)

Rearrange equation (5.7) to get
FT1 (t) = Fl(t) + Fg(t) - F(t,t).
This completes the proof. O
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The following lemma helps us to state a DPP.

Lemma 5.2. Let F(-,-) be the joint distribution function of death times 11 and To
with corresponding density function f(-,-). If 71 and 1o are independent of the natural

filtration generated by the Brownian motion W (-), then

1 T
J(t,zm(s) = H?MEt{/t (1— Fr,(s)e ™% <w1U(01(s))—i—’ng(cQ(s)))ds
+ /tT </Oo f(s,z)ds) Vi <Z,X(Z) + 28 + ZZZD dz (5.8)
o ([ e s (x5 3

+ (1—Fp(T)) w4e5TU(X(T))} .

Proof. Based on equation (3.14) we defined J(t,z;7) as

Ttz 7 () = B [/;MT wie 5T (cr(s)) ds

ToNT
+ / wae 9T (ca(s)) ds + wgl{ﬁvmgT}e_‘s(ﬁvm
t

~ hi (1) "~ 4i (1)
X (U <X (Tl \ TQ) + Z 771' (Tl) 1{n=7’1\/7‘2}> +U ( hl (Tz) 1{7‘1‘:T1\/7'2}> )
7 K2 i=1 1 1

i=1

il meme TUD)|
(5.9)

Start with the first two terms, we can separate the consumption integrals as follows
TINAT ToNT
/ wie” U (¢1(s)) ds —|—/ wae U (e2(s)) ds
t t
TINT TINT
- / wie U (21 (s, X (5))) ds + / wae= U (G(s, X (5))) ds
t t
AT 5
+ Unnenmen [ e U (6 X () ds (5.10)
1

ToNT
b e mien) /T wse B (¢5(s, X (5))) ds.
1
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Now, the third term can be written as

L ym<rye 2(1V2)

X (U (X (11 V) + Zz 1 7;1(:31{71 TlVT2}> +U (Zz 1 Zl((:z)) {Ti:Tl\/TQ}) >

—oT k3 (m,X (7 T (1, X (1
= Ly —men<rje " (U (X (r1) + %) +U (%) > (5.11)
—6r k3 (72, X (72)) 5 (12,X (72))
11— <<y (U (X (m2) + W) +U (qzhzzT)Q) >
Finally, from the fourth term we get that

1{T1\/T2>T}675TU(X(T)) = (1{T1:T2ST<7'1} =+ 1{T<T1=T2<T1}) 6_5TU(X(T))
+ (1{T1=7'1§T<7‘2} + 1{T<T1=T1<7'2}) 6_6TU(X(T))' (5‘12)

Substitute equations (5.10), (5.11) and (5.12) in J(¢, z; ) from equation (5.9) to obtain

TYNT TINT
J(t,:v;w):[Et/ wle—ésU(a(s,X(s)))dH/ wae U (&(s, X (s))) ds
t t
TNAT 5
Fltinenmen | 01U (5 X(5) ds
:’z/\T 5
Ly —nem ) /T wre U (c3(s, X (5)) ds
1

+ ’w31{T1=72<n§T}€75T1 <U <X (m1) +

+ w31{T1:T1<7'2§T}€75T2 <U <X (m2) +

+wy (L7 e <Tn) + Lranion<ny) € T UX(T))].
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Rearrange terms in the last identity we get

J(t,z;m) =Ey /tTlAT wi1e % U (¢1(s, X (s))) ds + /tTlAT wae U (E2(s, X (s))) ds

AT
+ 1{T1=7'2<T1,T1<T}</T wleizssU (CT(&X(S))) ds
1

Fuidene TUX(D))

ToNT
i) ( [ w0 s x 6 as
1

- w41{TQ>T}e‘§TU(X(T))>

+ {1{T<T1:72<n} + 1{T<T1:T1<T2}} w4€_6TU(X(T)) .

Based on equation (4.1) J(t,z;7) become

ko (T, X (Th)) | @ (Th, X (T1))
) 61

7))  @(hh, X (Tl))>
n (Ty) hi (T1)

b (Lpretimneny + Ligetionen ) w4e—5TU<X<T>>] .

+ 1{T1:72<71,T1§T}V1 <T1,X (Th) +

+ Yn—r<nm<rVe (Tl,X (Ty) +

The first part of equation (5.13) can be written as

E, [/tTlAT ¢ <w1U (@15, X(5))) + waU (@a(s, X (5))) )ds]
_E, [1 weneny /t =2 <w1U (@15, X(5))) + wal (@(s, X (5))) )ds

o | Tt (10 @16, X o) + 00 (o X 00) s
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Using the conditional probability function Fr, (s;t) from equation (3.7) and the corre-

sponding conditional density function fr,(s;t), the last expectation becomes

E, [/tTlAT ¢ <w1U (@1(s, X (5))) + walU (CQ(S,X(S))))dS}
_E, [/tT Fru(z:8)d2 /t ¢0s (wlU(El(s,X(s))) + ng(Eg(s,X(s)))>ds (5.14)
+ <1 —/tTle(z;t)dz> /tTe—fSS (wlU(El(s,X(s)))+w2U(52(s,X(s)))>ds].

By the Fubini-Tonelli Theorem 2.40, and since

fr (z; t)ef‘ss (wlU (c1(s,X(5))) + waU (ea(s, X(s)))> >0,

the order of integration can be interchanged as
/ fri(z;t)dz / % (wyU (e )) + waU (Ca(s X(s))))ds
t

(e
/ / fn(z 6( U (e ) +wsU (e2(s, X (5)))
(

/ fri(zt)e™ 2 (wiU (e1(s, X (5))) +waU (e2(s, X (s ))))dzds

/t (/s fr (% t)dz) e (wlU(cl(s X(s))) +w2U(52(s,X(s)))>ds_

Now substitute the above equation in equation (5.14) we get

Et[/T 2 (wlU(cl( X(s)))—i—sz(cQ(s,X(s))))ds}
_Et[/ (/ Fru (2 dz)e <w1U(cl(s,X(3)))—i—ng(cQ(s,X(s))))ds

< /thl ; )/t e_3(w1U(cl(5,X(8)))—i—wQU(cQ(S’X(S))))dS]‘

Using equation (5.2) in Lemma 5.1, we get

Et[/tm 5 (1 a5, X(6)) + il e <>>>) /]

:Et[ ( ST1 fTFT>( dz>e ss <w1U &1 (s, X(5))) + wal (@a(s, X (s ))))ds
T

t
+ (1 —/tT 1 fTPfT)( )dz>/t e (wlU(cl(s X(s))) +w2U(E2(s,X(s)))>ds].
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Since 1 — Fr, (t) doesn’t depend on z, it follows that

E, [ /t B s <w1U (e1(s, X(5))) + wal (€a(s, X (5))) >ds]
_ Et[/f (fsT le(Z)dz") s (wlU(El(s,X(s))) +w2U(62(s,X(s)))>ds

1—Fp(t)
T 2dz T
+ <1_f; o ) [ e (a7 e X0+ e X))

As we mentioned previously, fr, is the density function of Fr, so we rewrite the last

expectation as

Et[/tTlAT ¢ (wlU(El(s X(s))) + waU (ea(s, X (s ))))ds]

—E[ ( 1(T)FT ) 5<w1U (é1(s, X (s —i—wQU(cQ(s,X(s))))ds
(1- e ) [ (w0 @, X0 + st s X )]

Rearrange terms we get

E, [/tTIAT ¢ <w1U (@1(s, X (5))) + wal (EQ(S,X(S)))%S}

o T FTl(T)_FT1(3)+1_FT1(t)_FTl(T)+FT1(t) 6—65
_Et[/t ( - Pr,(t) )

X <w1U(El(8,X(s))) + ’UJQU(EQ(S,X(S)))>C1$:|.

These computations lead to

E, [/tTIAT =z <w1U (@1(s, X (5))) + wal (62(5,X(3)))>d5}

_E, [/tT (1 = ?;8%-5 (wlU (@1(s, X(5))) + waU (ea(s, X (5)) >ds] .

(5.15)

Now, the second part of equation (5.13) can be written as

ko (T, X (Th) | @2 (T, X (Tﬂ))]
n2 (Th) ha (Th)

ko (Ty, X (T1)) n @ (T, X (ﬂ)))}
n2 (Th) ha (Th) '

E; [1{T1:7-2<7-1,T1§T}V1 <T1, X (Ty) +

=Lk, [ {1 + Lin<n<n } VA (Tlv X (Th) +
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Based on the conditional probability function F'(si,s2;t) from equation (3.8) and the

corresponding conditional density function f(s,s2;t) we write

ko (T, X (T 72 (11, X (T
Ey [1{T1=72<T1,T1<T}V1 <T1’X(T1> * 2(7712 (Tl() . qg(h; (Tl() 1))>}

—E, [/tT </Too f(s,z;t)ds> Vi <z,X(z_) + Ez(;;()i)(z)) + M;;é?”) dz
+ /tT </T f(s,z;t)ds> Vi (Z,X(Z) + k2(;;é)(z)) + M;;figz))) dz].

Using equation (5.3) in Lemma 5.1, we get

E, [1{T172<71,T1§T}V1 (Tl,X (1) + b (T );() 1)), @ G}}; ();f)Tl)))]
’ OO 8,2 k z g2(z, X (2
“u [ ([ e v (s BGE B o

() ) v (s xe - BEE 20 o).

Since 1 — Fr,(t) doesn’t depend on s we obtain

E; [1{T172<71 T1<T}V1 <T1 X (Tl) + ko (3;127()1{1()7—'1)) 1 (TI,( 1()T1))>:|

T e

T fo(sz)ds ko(z, X (2 2))
+ z ) Vi z, X(2)+ d
/ ( ) (e BT |
Combining the integrals as

/:of(s,z)ds:/ZTf(s,z)der/Toof(S’Z)dS

to rewrite equation (5.16) as

ko (T, X (Th) | @2 (T, X (Tl)))]

B 1 Ty, X (T
t[ {T172<71,T1ST}V1< L X (1) + n2 (T1) M (Th)

, 2 (5.17)
T 7[> f(s,2)ds ko(z,X(2))  @(z X(z))) ]
—E 2z TN 2, X (2) + ’ + : dz|.
[ ) v (xe+ Mg )¢
The third part of equation (5.13) is similar to second part, thus,
ki (T, X (T q (Ty, X (T
E, [HTIZTKTWT}VQ <T1, X1y 4 IR X () | @ (1 X mﬂ
m (Th) hy (T1) (5.18)

[ (L) s 300
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Finally, the fourth part of equation (5.13) can be written as
K I:w41{T<T1=7'2<7'1}e6TU(X(T)) + w41{T<T1=7'1 <7'2}66TU(X(T))]
_ —5T —5T
— B [0l rereny UK (D) + il rcncmye TUX D))

Based on the conditional probability function F'(s1,s2;t) from equation (3.8) and the

corresponding conditional density function f(si,s9;t), it follows that

E, [wu{mw e TUX ) + il g cmpe TUX (D))

—Et[w4e Ty (x / / f(s,z;t)ds dz
+ wie TU(X(T)) /T / f(s,z;t)dz ds].

Using equation (5.3) in Lemma 5.1, we get

Ey [w41{T<T172<7—1 e MU (X(T)) + w41{T<T1:71<7'2}6_5TU (X(T))

=E, [w4e Ty (x / / ds dz
+ waeTU(X(T)) /T / T’dez ds].

Since 1 — Fr, (t) doesn’t depend on s nor z then

E¢ I:w41{T<T1=72<Tl}e_6TU(X(T)) + w41{T<T1=7'1 <7'2}€_6TU(X(T)>

—6T
wee M U(X
—Et[ 41_ Tlt / / f(s,z)ds dz

1_6_TZT1 7)) / / f(s, z)dz ds]

Hence,

E [w41{T<T1=7'2<7'1}€JTU(X(T)) + w41{T<T1=7'1 <T2}676TU(X(T))

—E, [mww—”U(X(T))] .

(5.19)

Substituting equations (5.15), (5.17), (5.18) and (5.19) in equation (5.13) we obtain
equation (5.8), and conclude the proof. ]
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The previous lemma is the transformation of the control problem in equation (3.14) into

a one with a fixed planning horizon, using the tower rules of conditional expectations.

5.3 Hamilton—Jacobi—Bellman equation (HJB)

In this section, we will use Lemma 5.2 to derive first a DPP, and after that we will
derive the corresponding HJB equation modeling the problem with all controls before

first death. To proceed we assume

J(t,x;m) = (1— Fp () J(t, z;7). (5.20)

Then
V(t,x) =sup J(t,z;7) = (1 — Fr, (1)) V(t, ), (5.21)

where J(t,z;7) denotes the conditional expectation of running and terminal reward

functions. Based on equations (5.20) and (5.21) we will introduce the next lemma.

Lemma 5.3. (DPP) For 0 <t < s < T, the mazimum expected utility V (t,z) satisfies

the recursive relation

V(t,z) = Sjll(l? )]Et [V(S,X&(s))
e ,T

[ e (w0 @) + e @) )
+ /t </OO f(u,z)du> Vi <Z,X(Z) + ZE’Z + g?i;) dz
+ /t </uoo f(u,z)dz) v, <u,X(u) + I;EZ; + le(z))) du}

Proof. For any 7 € A(t, ) with the corresponding wealth X7 (), Lemma 5.2 provides
that

T
J(t,a:; 71'()) = 1—;’T(t)Et [/}; (1 — FT1 (u)) 6761‘ <w1U (él(u)) + woU (Eg(u)) )du

+ /tT (/oo f(u, z)du> " (z,X(z) + f’z(g + Z(é))
(

4 /tT (/:o fu, z)dz> Vs (u,X(u) + Si(g + le(Z;

+ (11— Fp(T)) w465TU(X(T))].
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Substitute the above equation in equation (5.20) to get

J(t,z;m())) = ]Et[/T(l Pry(u)) e (wlU(cl( )+w2U(52(u))>du

o ([ )i (x5 5 )

L o)

+ (1 - Fp,(T)) wge™ 5TU(X(T))].

z

) au

\_/\_/

ha(
qi(u

1(u

?r'd

D‘
~

For any 0 <t < s < T, the above equation becomes
~ T
Jt,x;m() = B [/ (1 = Fr,(u)) e v <w1U (c1(u)) +wU (Eg(U)))du

(ﬁ(f%uz ) 0 §8+§%>w

/</ff ) (oxe+ 2G 2 )
o (L sz v (e + i )

+ (1= Fp(T)) wseTUX(T ))}

Rearrange the above equation we obtain
i(tmn() = E K / " (1= Py () e (10 @) + 20 (a(w) )

([ rmam) v (e 5 4 ) o
o (L s e (xS

+ (1-Fr(T)) w4€_5TU(X§fx(T))>

b [ Fre (00 @) + o @) )
" /t </°° fu, z)du) Vi (z,X(z) " 28 T ZZE’Z) a-
o (L o) v (xS0 205 ]

T




The last identity simplifies to
() = B s XE(s)n()
+ / (1 — Fr,(u))e 5u<w1U(cl(u))+_w2U(CQEu) >du
o [ ([ o) (x5 G )
AR I G R Kl

Using equation (5.21) we obtain

() = B s XE(s)in()
+ [(1—FT (u))e5“<w1U(cl(u))+’w2U(02(u) >du
+ /t </OO f(u,z)du | Vy <z,X(z) + () + MZ)) dz

( (
+ /t (/u flu, z)dz> v <u,X(u) + Sﬂ; + Ziiﬁ;) du].

< E [V(S,XZ,}(S)))
)

Note that since m(-) = (e1(:), (), k1(-), k2(-), @ (+), @2(-), u(-)) is arbitrary, it follows
that
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Conversely given that 7(-) € A(t, z), for e > 0 and w € 2, using property of supremum

there exists

L= (6170-),6(')’ 52,0.1,6(')7 El,w,e(')a EQ,w,e(')v @ﬁ,w,e(‘)a q2,w,e('), aw,e(‘)) eA (S, ng(s, w)) s

where
j (SaXLZT;v(S)vﬁw 6()) > ‘7 (S Xtﬂ—x(s)) — €
Let
£*(u) — (51(-)752<-), %1()7%2()761()762()7a()) 3 if u € [tvs]v
Ew,e(u)a ifue [S,T].
Notice that X/, (T) = XS{:;(’ZCTI(S) (T) a.s., then

V(t,x) > J(t,x; L))

Thus,
E; [ /ST (1—Fp,(u _5“(w1U Clw,e(1)) + waU (€2 (u )))du
T /T</Oofuzdu> 1< ’“WZ ‘-’Zé@dz
+ /T</ fuzdz) 2<u,X kl‘“ ql}’:’&i?)du
+ (1= Pr (1) wie TU(XE ()<T>>>
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The above inequality holds for any 7 (-) € A(¢,z) and € > 0, then

Vit,z)) < sup E, [V(& X{7.(s))
TEA(t,x) '

+ /t (1 — Fp,(u)) e <w1U (@1 (w)) + waU (E2(u)) )du

+ /t </Oo f(u,z)du) Vi (z,X(z) + zz(zg + ZZ%) dz
[ (] stwaiae) va (x4 B0

Finally, we can get DPP from inequalities (5.22) and (5.23). O

—+

Now, we will use the DPP obtained in previous lemma to derived the following HJB

equation.

Theorem 5.4. (HJB-Equation) Suppose that the mazimum expected utility V (t,z) €
CY2([0,T] x R,R). Then V(t,z) must satisfies the HJB equation

Vi(t, ) + sup  H(t,a;7(-) =0, (t,2) €[0,T] xR,
(€1,82,k1k2,q1G2,1)
V(T,2) = (1 Pry(T) wae TU(X(T)), z€R,
where the Hamilltonian function H is given by
1 ~ -
Ht, zm(-)) = 502@)@2% + e (1 — Fr, (1) (wU (€1) + wolU (€2)) + Vie(t, z)
X (’r‘(t)l’ + (u(t) — T(t))ﬂ —C1 — El —q1+ Il(t) —Cy — EQ — Qg2 + 12(75))
+W <t,x + k2 + -2 > / f(s,t)ds
t

ma(t)  ha(t)
) /too f(t, z)dz,

k
o+
Vi and V, denote first-order partial derivatives with respect to t and x, respectively, and

q1
+ WV ltz+
2 ( m(t) " hi(t)

Vow denotes a second-order derivative with respect to x. Moreover,
W*() = (Eik()? E;()v EI()? ;()7 (ﬁ()a (j;()a ﬁ*()) € ‘A(ta 33’),
whose wealth X* is optimal if and if for s € [t,T] we have

Vi (s, X*(8)) + H (s, X*(s);7") = 0.
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Proof. Apply s =t+ h in the DPP from Lemma 5.3. By Ité’s formula Theorem 2.56,

we can get

~ ~ t+h s ~
Vit+h,X(t+h)=V(tz)+ /t (V}(S,X(s)) + Va(s, X (s))

Using Lemma 5.3 we get

0 = sup E [f/(t +h,X(t+h)-V(tz)
TeA(tx)

t+h
+ /t (1 — Fr,(u)) e (wlU (e1(u)) + waU (E2(u)) >du

. /tt+h </:Of(“v z)du> Vi <27X(2) + kz(j) + 2;?) dz

Q

m(z)  ha(2)
+ /tHh (/uoo f(u, z)dz) Vs (u,X(u) + ZEZ; + Zig) du].

Now substitute equation (5.24) into the above equation and let h goes to zero to obtain

0 = sup Et[mmm(t,x)
TEA(t,x)

Vel X000

+ (1 — Fr, (t)) e 0t (wlU (El(t)) + woU (Cg(t))>

( /t : f(s,t)ds) v <t,X(t) + Zgg + ZZE@;)
o ([T s v (s xo+ 2 |

Since V;(t,z) doesn’t depend on 7, the first part of H.JB theorem holds. Now, the proof

_.|_

of the second part of the H.J B theorem, is similar to proof of equation (4.10) in Theorem
4.4. This completes the proof. O
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5.4 Explicit solution

In this section, we will find an explicit solution for the (HJB) equation (5.4) in some
possible cases. To solve the HJB equation (5.4) and derive the corresponding optimal

strategies, we assume a power utility function
U(x) = —, (5.25)
where v < 1.

For problem before the first death, we will determine V (¢, z) which has the form

Vit z) = Ait)(x + B@). (5.26)

Substitute V (¢, ) from equation (5.26) in equation (5.21) and solve for V (¢, z) we get

Vit = - AO oy BE). (5.27)

[1—Fr,(t)]
The previous function is ansatz function, we will use it in the next results in order to

derive an explicit solution.

Unfortunately, it is difficult for us to solve the H J B equation from Theorem 5.4 explicitly
when life-insurance and welfare parameters are all control variables. Therefore, we will

try to find an explicit solution for following cases

Case 1: No life-insurance contracts.

Case 2: No Welfare policy contracts.

Case 3: Life-insurance is not being control variable.

Case 4: Welfare policy is not being control variable.

5.4.1 CASE 1: No life-insurance contracts

In this section, we assume no life-insurance contracts available, that is, k; = ko = 0, we

can derived an explicit solutions for the other controls.

The following proposition is an explicit solution of the first case.
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Proposition 5.2. Assume ki = ko =0, U() is as given in equation (5.25). Conditions
of Lemma 5.2 hold, and the value function V (t,x) is as given in equation (5.27).

Then the optimal strategies are given by

L

Gty x) = <(1FT5@)> i (@ + B(t),i = 1,2,
)

()
alt,2) =~ @+ BO),

eSthy(t) Ia(t
0(t,) = In(0) ((f )

6t
e ) = mal0)( (720) ™ B

where

D(t) :<(1—FT1(T))w4e_‘5T> T T s /t Te_ftSH(z)de(s)ds,

B(t) = /t L e B e G 2)as (I1(s) + In(s) + h1(s)ba(s) + ha(s)bi(s)) ds,
() = (G0 0+ o) +hae) ).

Gt) =ei ((1 P ()T < =l ) + <h1§t>)”“z2(t) toof(t, 2)dz

[ f(t, 2)dz
+<ft ha(t) ) /fst >

Proof. From HJB Theorem 5.4, H is being maximum at 7*, so

SU.p H(t7x;élaEQ7QI>Q2va)

= sup {e‘ét (1= Fp, (t))unU (¢1(t,x)) — c1(t, x)ffw(t,x)}

(51,62)€R+

(1~ Pyt
qliﬁzw{ 1

+v2( i)/ f(t,2)dz - qut )Vx(t,w)}

+ sup { SoHOT 0 )t ) + (ult) — (O, )Valt,0) |

aERT

+ (r(t)z + L(t) + L(t)) Val(t, @).

Junl (@t >>—c2<t,mm<t7x>}

fa 2@) / " f(s,)ds — B Ta(t, ) (5.28)

83



Substitute the value of power utility function (5.25) in equation (5.28), and derive H

with respect the variables ¢}, ¢5 and @*, respectively, we obtain that

R

e (1 — Fr,(t) wict (t,z)" = Vo(t,2) =0, i=1,2,
o2 ()" (t, ) Vi (t, ) + (u(t) — (1)) Va(t, ) = 0.

Rearrange the above equations for ¢;,7 = 1,2, and u*, respectively, we get

1

i B etV (t, x) vl .
¢ (t,x) = <(1 — FTl(t))wz) , 1=1,2,

(u(t) = (1) Va(t, @)
2Vt z)

(5.29)

@ (t,z) = —

Now, to obtain an optimal welfare purchase strategies, we can considered the bivariate

function ¢ for g;(t,x),i = 1,2

O (@, @) = — (@1 + @) Va(t,z)

—|—V1<tx+ ) /fst
+V2<tx+ ) /ftz

Now, apply the value function defined in the Theorem 4.6 to get

(@, @) = — (@ + @) Valt, )
b e (o ) < [T sods G0
Y ! hz(t 1 ’
h ) "
I ;e—étlé 7(t) <:c+h1( + ba(t ) / f(t, z)dz.

Let us compute the first partial derivatives of ¢ (g1, ¢2) from equation (5.30) to get

5 et -1
on (@m) = ~Valt) + 0 (w4 2 ) k[ e

—ot

~ e -1
¢q2 ((jl,(jg) = —Vx(t,x) + hz(t) li_ﬂy(t) <l’ + h2q?t) + bl(t)> X /t f(S,t)dS
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From the above first partial derivatives, we can compute the follows second partial

derivatives
bua 0.8) = G0 (4 gl enn) [T st
(ha(t))? ha(t) ¢
_ Y—=1 51— 02 2 >
b (@1,G2) = (ha(D)2° () <~’U+ N0 +b1(t)) X/t f(s,t)ds, (5.31)
a3 (@1,32) = 0.
We mentioned previously the v < 1, that is
v <1l (5.32)
From (5.31) and (5.32), we can conclude that
Sqa (@1, 3) <0, (5.33)
and
stfzfiz (617 Q2) < 0. (5'34)
Thus,
baa (T @) bga (@1, B2) — (a2 (@1, @))% > 0. (5.35)

Thus, based on Theorem 2.41, from (5.33),(5.34) and (5.35), then ¢ (g1, g2) admits its

maximum at (g}, g5 ), which solves the equation

Pq, ((ﬁa Cj;) = ¢g, ((ﬁv q_é) =0. (5.36)

Based on identity (5.36) we see that

<:r+ 0 —i—bz(t))V_l Vet () :

h (t) T [ £t 2)dz

)
o B T (¢, @) hat)
( +hz(t)H”(t)) U@ [ f(s, )ds

(5.37)

Rearranging the above equation, we get

1

eV, (¢, 2)hy (t) )H
L) [ f(t2)dz )

MV, (t, ) (t) )H
L) [ fstds)
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Thus,

q; = —hi(t) (z + ba(t)) + ha(t) <l1_ :
) (5.38)

@ = —ha(t) (z + bi(t)) + ho(t )<l1 —

Now, substitute (5.37) in (5.30) to get

(@, @) =— (@ + &) Val(t,x)

Substitute (5.38) in above equation to get

L) [ f(t,2)

OV (t, 2)ha(t) 7!
L) [ f(s,t)ds

1 _ SV (t, ) ha(t T
+—e (@) | Volt, 2)hs(t) / F(s,t)d
L) [ f(s,t)ds

le—ét 1—v j ) ) V 2dz
Tt <l§7(t)ft°°f(t,z)dz> “ )i (SIS

+ ho(t) (x + b1 (1)) Vi(t, z) — ho(t)

RIaY z y=1
(75 35) = h (1) <x+b2<t>>vm<t,x>—h1<t>< o Valt, V““)dz) 7.t 2)

-2

¢(ar,a5) = (h(z+0ba(t) +he (x+b1(§))>V<t,w>
_ ( Valt, o hl“))dz)“vx(t,x)
. ( Ve (1,7) hjjids)ﬁl )
- evl t,:n)f@(t))”Z </toof(s,t)d8>llvll§t)
b et (Vx(t,x)hl(t))”% (/too f(t,z)dzyl” bg)
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Simplify the above equation to get

O(35, @) = (hi(z+ba(t) + ha (z+bi(1)) Valt, o)

~

_ enm (Vm(t,a:)hg(t)>ﬁl ( toof(s,t)dsy” h(t)
b (iom(0) T ( t°°f<s,t>ds)“1” e
)7 (

ot P
+ eit (Vx(t, 2)ha (1)
Rearrange the above terms we get

D@ T = (b (e +ba(t)) + ha (e + b1 (6) Valt, ) — i (1 - ) 77 (1, 2)

() e
<ft ) o [ o0 )

Substitute (5.29) and (5.39) in HJB equation from Theorem 5.4, to obtain

C ~ _r 2Y72 T
0=TVi(t,z) + (r(Ox + L (t) + Lo(£)) Va (¢, ) — ;(M(t) - Egz/% (t, )

1
1_,7< e(St >’yl ~%1 ( 1 1 >
+ Vo () (wy T +wy Y
v 1*FT1(t) z ( ) 1

+ (hy (z 4 ba(t)) + ha (z + by () Va(t, z)

(1)
(i)™ o [ s (i) o [ o)

5t 1 ~%1
xer 1 [1—— |V (¢ x).
Y

Thus,

0= Vi(t,x) + (r(t) + L1(t) + Io(t) + ha (z + ba(t) + ha (x + b1 (t))) x Vi(t, z)
t)2V2(t, )

T

1 1

)
t et (_1)v;1<t,x>><(<1—FT<t>>”” (“’1” s )

()0 [ s () o [ o)
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To make this simple consider

G(t):ev‘”l((1—FTl(t))ﬁ<wﬁ+wﬁ>+<ﬁ ) /ftz
+(f; ) [ S0 )

So the HJB equation will become

0 = f/( )+ (r(t)x + I1(t) + Ia(t) + hy (z + ba(t)) + ha (x + b1(t))) X Vm(t,x)
1 (u(t) —r(t)* V2t x) (1 ) = 52
- z + (= =1V (t,2)G(), 5.40
2 2(W)Velt,) Y et (540
with the terminal condition
V(T,z) = (1 — Fr,(T)) wye TU (X (T)).
Let us compute the partial derivatives ‘N/t, Vm and ‘N/m from ansatz function (5.26) to get
7 A 'y y—1
i(t,x) = S (z+ B(t)” + A(t)Bi(t)(z + B(t)) ™,

Vo(t,z) = A(t)(z+ B(t)) !
Via(t,x) = (v —1)A(t)(z+ B(t))?

Substitute the above partial derivatives in equation (5.40) to get that

0 = 2y Be)y + A0BOGE -+ BE)

+ (r(®)x + I (t) 4+ Io(t) + hy (x4 ba(t)) + ha (@ + by (8)) A(t) (z 4+ B(t))"
(u(t) —r@)2  AX(t)(z + B(t))20D

1
27 2(t) (- DAWM)(z + B2
1 v v
£ (2-1) 470 % @+ B GO

That is,

0 = (z + B(t))? + A(t)By(t)(z + B(t))" !

+ (r(t)z + () + L(t) + ha (@ + ba(1) + he (z + bi(t))) A(t) (z + B(t) ™
(p(t) —r(®)?  A(t)(z + B(®))

a?(t) v—1

1
3
1 . v
*_<7_0Aw(ﬂx@+3@)mw
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Divide the last equation by (z + B(t))”
A(t) | A@M)B(1)

v (@4 B())
+ (r(t)x + 11(t) + Ia(t) + ha (z + b2(t)) + ha (x4 b1(t))) -

(
(e @) A 1 =R
2 21 G- (7 1) ATHOC().

0 =

Adding and subtracting the terms r(t;ﬁ%)f)(t) ) hl(ifg()t]f(t) and %é();%) to the above

equation, to obtain

0 =

Alt) | AWBD
~ (z+ B(t)

()B() _ r(OADBQ)

@+BO)  @+BO) @+ BO)

L MzAl) | mOADBEO  mAOBE
(x + B(t)) (x + B(t)) (x + B(t))

L hemAl) | he(AWBE  haHAOBE
(x + B(t)) (x + B(t)) (x + B(t))

L hWAD) | BOAWD | mb®AR) | b ()A®)
(x + B(t)) (2x+B(t)) (x + B(t)) (x + B(t))
G P A0 (2 1) At et

Note that the above differential equation can be separated into two independent bound-

ary value problems for A and B as follows

0 — A (t) n r(t)A(t)(z + B(t)) hiAt)(z+ B(t)) = hA(t)(z + B(t))

Y (v + B(1)) (z+ B(t) (v + B(1))
_ ;(“(tij;(;(t))z x (7‘4@1) + <i - 1> ATT (1)), (5.41)
and
0 = AWOBE)  rAQBE)  mOAWGBE)  ha()AR)B()
EEBO) " G EBO) @+ B@) (e 50)
G Bt e ) G B 042

After multiplying equation (5.41) by -, and rearrange it we obtain that

0 = Aft)+ <v(r(t) +hi+ha) + W) A)

+ (11— ATT()G®). (5.43)
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Let

(1))
10 = 12 (USSR 7 0+ m() + o) )

Identity (5.43) becomes

{ A(t) — (1= D H(DA(R) + (1 - 1) ATT ()G() =0, (5.44)

A(T) = (1 — Fp,(T)) wge™0T.

Also multiply equation (5.42) by (x;ﬁgt))

{ Bi(t) — (r(t) + hi(t) + ha(t)) B(t) + I1(t) 4+ I2(t) + hi(t)ba(t) + ha(t)bi(t) =0,

B(T) = 0.
(5.45)
To solve equation (5.44) we assume its solution has the form
A(t) = D' (1). (5.46)
Differentiate A(t) in equation (5.46) with respect to time t, we get
Ap(t) = (1 =) D77 () Dy(t). (5.47)
Substitute (5.46) and (5.47) in equation (5.44) to obtain
(1 =)D Dy(E) — (1 = D HE D) + (1 - 5) D (HG(E) = 0.
The above equation can be rewritten as
Dy(t) — H(t)D(t) + G(t) =0, (5.48)

D(T) = ((1 — Fr(T)) w4e*5T) =

Equation (5.48) is linear 15 order ODE, so we can solve it explicitly by using the

integrating factor method to get
T T s
D(t)=e h H(S)ds(/ G(s)e Jr H@)dzgg 4 cl>.
t
1
Using the condition D(T) = ((1 — Fp,(T)) wse°T) =7 we obtain

1 T
D(t) = ((1 — Fr, (1)) w4e_5T) T e i Hs)ds +/ e i A=)z (5)ds.
t
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Substitute the value of D(t) in (5.46) we get

1—y

o, T
A(t) = <((1 — By (1)) wye™T) 77 e I G / e Ui H(Z)dZG(s)ds>
t

To find a solution for the boundary value problem (5.45), it is again 1%¢ order linear

ODE and it can be solved also by the integrating factor method as
T S
B(t) = / eJr (1)t () +h2(2)dz (1) (6) 4 Io(s) + ha(s)ba(s) + ha(s)b1(s)) ds + ¢
t
% elr(r(x)+hi(2)+ha(2))dz

Since B(T') = 0, we get ca = 0. Consequently,

T
B(t) = / e~ ST M@ 002 (1) (5) 4+ Ty (s) + o (s)ba(s) + ha(s)bi(s)) ds.
t

Substitute the value of function V,(t,z) in equation (5.29) to get

L (PAG @+ BRI\
Ci(t’x)—( 0= Fr () w ) . i=1,2.

Substitute the value of A(t) from equation (5.46) to get

St !

_x _ e 11 o
¢i(t,x) = <(1 _FTl(t))wi> D(t)(JU—I—B(t)), i=1,2.

Substitute the value of V,(t,x) and Vi (t, ) in equation (5.29) we get

g (. 2) = W0 =)AW@ + B(6)
: a?(t)(y = DA (= + B(t)) >
Hence, -
) = D=
a*(t,z) = = 1)02“)( + B(t)).

Similarly, substitute the value of V,(t,z) in equation (5.38) to get

1

AW+ B () 7
Preade Bow)

Qi (t,x) = —hi(t) (z+ b2(t)) + hi(t) <

Thus,

o0t L
qi(t,z) = hl(t)( (%) ()



Finally, we do the same for g5(z,t) to get

(Ot e
itt2) = o) (7s) % Bl + B~z =h(0).

. f(st)

This completes the proof.

From the Proposition 5.2, we conclude the following observations

e There is a relation between death times of the two wage-earners and optimal

strategies.

e We can assume that the human capital of the two wage-earners is B(t), and that

is mean their incomes affects on their decisions.

e The consumption and investment are increasing with respect to the human capital

of the two wage-earners.

e If the wife’s income higher than husband’s income, the two wage-earners would be

more motivated to buy Welfare for the wife.

5.4.2 CASE 2: No Welfare contracts

In the next proposition, we will do the same thing in previous Proposition 5.2, but when

g1 = @2 = 0, which means the model includes only life-insurance, consumption and

investment in the financial market. In this case the results will as follows.

Proposition 5.3. Assume ¢ = g2 = 0, U(-) is given as in (5.25), the conditions of

Lemma 5.2 hold, and the value function V (t,z) is as given in (5.27).

Then the optimal strategies are given by

;
y—1 .
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where

_1 T s
D(t) = ((1 — Fr,(T)) w4e*5T) T e i H(9)ds / e~ JF HE&A=G (5)ds,
t

T
B@%=/ e~ F @M @@ (1 (5) + I(s) + m (s)ba(s) + ma()ba(s)) ds,
t

1 1 (u(t) —r(t)%y
(0 = (GO 0+ i)+l )

G(t) =erT ((1 ~ P (8)T <w1 +w211V> + (%)Alg(t) /too F(t, 2)dz

N (%)1 L(t) /too f(s,t)ds) .

Proof. Similar to proof of Proposition 5.2. O

5.4.3 CASE 3: Life-insurance is not being control variable

In this section, we assume life - insurance parameters are not control variables in order
to find an explicit solution for the other controls (welfare, consumption and investment

in the financial market).

The following proposition show an explicit solution when life-insurance parameters are

not control variables.

Proposition 5.4. Assume ki, ks are not control variables, U(-) is as given in (5.25),
the conditions of Lemma 5.2 hold, and the value function V(t,x) is as given in (5.27).

Then the optimal strategies are given by

1
ot

= .
att.) = (g ) ol + BONI =12
a(t, x) = — U550 (v + B(t)),

65t
.0 =m0 (7558

eét
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where

_1 T s
D(t) = ((1 — Fr,(T)) w4e*5T) T e i H(9)ds / e~ JF HE&A=G (5)ds,

t

B(t):/ e J; (r(2)+hi(2)+ha(2))dz
t

x (Iu(s) + To(s) — k1(s) — ka(s) + hu(s)(ba(s) + E1(s)) + ha(s)(bi(s) + Ga(s))) ds,

) -
(1) )
1O = (5 ety O+ O+ ).

G(t) =ei1 ((1 Py () <w1i +w211> + <ft hl(it)z > / £t 2)

n (%)1 L) /too f(s,t)ds) .

Proof. The proof of this proposition is closely to the technique introduced in proof of

Proposition 5.2, by adding the corresponding updates that fit with our model.

For instance, to obtain an optimal welfare purchase strategies when &, k2 are not control

variables, we can consider the bivariate function ¢ for ¢i, g2 as

O (@1, @) = — (@1 + @) Valt, 2)

ko G2 o
+Vl<t’x+772(t)+h2(t)> X/t f(S,t)ds

ki @ o
+ V5 <t,ZL‘+ @ + hl(t)> X /t f(t, z)dz.

And we do the same as we did in Proposition 5.2. O

5.4.4 CASE 4: Welfare policy is not being control variable

The next proposition is similar to the Proposition 5.4, but we assume the welfare pa-

rameters are not being control variables. In this case the results will be as follows.

Proposition 5.5. Assume q1,G2 are not control variables, U(-) is as given in (5.25),
the conditions of Lemma 5.2 hold, and the value function V(t,z) is as given in (5.27).

Then the optimal strategies are given by
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where

_1 T s
D(t) = ((1 — Fr,(T)) w4e*5T) T e i H(9)ds / e~ HE&A=G (5)ds,
t

T
B(t) = / o= St (2
t

Proof. Similar to the proof of Proposition 5.4. O
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Chapter 6

Conclusion

We have extended the work done by Wei et al [45] by allowing a two wage-earners to
contribute in the social security system in order to protect their families from risk in the

future.

We have studied an optimal control problem after the first death in Chapter 4, first we
have transformed the stochastic optimal control problem under consideration of the two
wage-earners to an equivalent one with fixed planning horizon, after that we have derived
a dynamic programming principle DPP and the corresponding the HJB equation. We
have characterized the optimal strategies, after the death of one wage-earner concerning
consumption, investment, life-insurance and social welfare policy using power utility

functions.

In Chapter 5, we have studied the optimal control problem before the first death when
the two wage-earners are contributing in the social security system while participating in
the life-insurance markets. We have used Copula model as stochastic mortality model for
dependent lives, to handle the stochastic optimal control problems under consideration.
First, we have transformed the stochastic optimal control problem of the two wage-
earners in which neither of them dies before the retirement date into a one with a
fixed planning horizon using the tower rules of conditional expectations. After that we
derived a D PP and subsequently we derived the corresponding H J B equation modeling
the problem with all controls before first death. Using power utility functions, we have
characterized the optimal strategies before the first death, in the following cases (no

life-insurance contracts, no welfare policy contracts, life-insurance is not being control
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variable and welfare policy is not being control variable). Under some conditions, we

have determined an explicit solutions for the optimal strategies in each case.

One possible case could be considered for a future work is when the life-insurance and
welfare parameters are all control variables before the first death. In this case, it will
be hard to derive an explicit solution analytically but numerical solution would be in-

teresting.
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